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(2)
(a) Use the intermediate value theorem to prove:at any time, there exists two antipodal points on

the surface of the earth which have the same temperature.

(b) Use the Borsuk-Ulam theorem with n = 2 to prove: at any time,there exists two antipodal
points on the surface of the earth which have the same temperature and the same pressure.
TEHH.
(a) &
fi:8? = R
x> x pa At 2 R

id 7 Nz BXHER, & Fi(z) = f(x) — f(Z).
& Fy(x) = 0, RINBOL; RBAFAE 20 B Fi(m0) # 0, AR Fy(zo) > 0, BIRH F(20) <0,
A S B A A oy 73 Fy(21) = 0.

(b) Wis, (TRELLREL f:S" — R, f71E xp € S" 13 f(—x0) = f(x0). LA, IR ELL
BRAL f, FRATATLLE L MNELE R g(x) = f(2) — f(—x), 1BE g(x) DAEEEZ S, ik

ARG h(z) = ;Ei; o AN S™ B St B B, iX 5 Borsuk-Ulam 237 J& !
w

fi:S*— R
x> (2 AL 2R, RUE)

2T, AL

(3) IRBRERH n DI,
V-E+F=2n—-3n+n=0+#2,
ZidEy!
(4)Let f : [0,1] — R be a continuous function with f(0) = f(1) = 0. Consider the simple closed

curve C that consits of the graph of f and the line segment of the x—axis from x = 0 to x = 1.Prove:

One can find four points on C that are the verticles of a square.

IERA. f AE (0,1) BAEIEERAE fh, 5 0AN R T B A th 2. ANy ietE Ik,

W f(x) 7£ xo € (0,1) AR AME, &AMERT 0. FE g(z) = v + f(2),9(0) = 0,9(1) = 1,
HAMEE B, fA7E 1 € (0,1) {13 g(21) = o, B 21 + f(21) = 0.

& F(x) = f(z) — f(z + f(x)),z € [0,1].

F(xo0) = f(zo) — f(zo + f(20)) =0

F(x1) = f(21) — f(2o) <0
RIAFAE 20 N T 20 5 2y ZEWATEERE 20 B 2y 113 f(22) = f(ag + f(22)). O
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1.1 EE4H1

o M.Frechet 7E 1906 “FE7EAM 1 110 3 H 51N E R S5
o Hausdorff #£ 1912 45| N#fi4h4hH

EX

EX 1.1, 2l X E—ANEZ d 2R

d:XxX >R

i

(1) d(z,y) =2 0,d(z,y) =0 2 =y;

(2) d(z,y) = d(y, =)

(3) d(z,2) < d(z,y) + d(y, 2)

(X, d) AEZ =N,

IR d(z,y) >0 FRLER S 4.
BAVA d(z,2) =0, RBERAZATRF X d(z,z) <d(z,y) + d(y,z) FZI#%EFE] d(z,y) > 0.
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i+

5l 1.2. (1) (a) R,d(z,y) = |z —y|
) de) = A
(¢) dlz,y) =t {]z — yl, 1}

(2) BHEZE d(z,y) =1

(3) (a) dalz,y) = /> (i —ys)?
(a) I' B /BAERE di(x,y) =) |z — vl
(b) doo = sup |z; — yi

1/p
(c) P B dy(x,y) (le sz”>

(@) dzyy={ "0
T1+ 12,01 # 02
(4 RN=RxRx---xRx---

oo

(@) d((z0), (5)) = 3 5w, vn)

n=1

IR, BAAH S A, R I, BRI RAT L ERARIE d(2,,5,)
AR, BEERRAET RS d

(b) 1,(R _{ .(Z\anv) }

dp((2n), (yn)) = ()
Hibert Cube
C = :1[0, %] C I*(R)
1. C(la,b]) = {f € R fiscontinuous}
L7 — metric: dy(f, g) = (/ 1 |pdx>1/p,p€[l,+00]

2. w*?onC([a,b]) (PDE)

3. wordmetric %& &% geometric group theory
4. Q,p — adicmetric K3 E 4

5. Hausdorff & dy(A, B)

Fig. XY AT {f:Y > X}
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NIBHE B E9EHHE =6

(1) N X FATATDAREIENTHEY c X
(Xa dX)a Y C X

Y XY
(2) X, ¥ - X xY

(X1,dy), (X2,dz)
d((z1,22), (Y1, 92)) = di(x1,y1) + da(22, Y2)

3) X,Y > XUY
BAM

NTHERBITT 2 AR (X, d,) B RRR HX ERRHAE R B, A1E ¥
n=1
d, e — A .
EX 1.3. & (X,d) B—NEEZH. AR ACX RARTELR

diam(A) := sup d(z,y) < +oo.
z,y€A

B AR diam(A) £ A £ (X,d) PRARZ. wF A=X, M d 2 X L89—NMAREE, &
HiH (X, d) R—ANAFAEEZ 0.

Lk, 4 X EMEREE J, ROTEREMIE L X BRI E AR T

di(o.y) = min d(o,0), 1} i) = 1o
& WS X EROBERCRE T i i,
Wl 1.4. % (X,d) 2—NEEZN. & f:]0,4+00) — [0, +00) i
o TG,
. F0) =
o fla+B) < f(a) + F(B), Yo, B € [0,+00)
M2 diw,y) = dw,y) & X EH—AEE
& fl@) = ;oo FHRIE
o f(x) PR Y
) T +y < x Y

< +
l+z4+y 142 14y
A+2)1+y)(z+y) <zQ+z+y)A+y)+y(l+z+y)(1+x)

A+z+y+ay)(z+y) <A+z+y)(z+y+ 2zy)
ry(r +vy) < 2zy(l + 2 +y)
0<zy2+z+vy)
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Ry BKEARIFE
E4. R AR ZE 7 KRR
WAL SRR 4

X B T T RO R, BRATTASHE e SCEBEE . BATTRT LA AR R A 18] v — A 5 SR SISl
M, AR5 F IR SIUE SOESE.

EX 1.5. & (X,d) A—NEEEE. AMNKEI] 2, (XTFEZ d) KB L 10 € X S RIHEEH
>0, HE N FHEEN i > N, R d(z,z0) < . HEAAL 2, —25 2.

EX 1.6 (EEEG. & (X,dx), (Y, dy) 2AAEEZ M.

(1) FR—ABG f: X =Y A8 xg € X ELEWRNEEED o, k] 2 mL f(x;) IS E
(1‘0) cY.

(2) A f REZMRHR [ EEE zoc X REL.
R 1.7. % f: (X,dx) = (Y,dy),xo € X, W F FI40EFH:
(1) f £z RiE%:
(2) MEZ e >0, AEO>0, AN EE e X, REHL dy (2, 10) < 6, ARE dy (f(z), fz0)) <

9
(3) MiEE >0, A& § >0, 1£4F f(B(x0,9)) C B(f(zo,¢))
(4) 3H4EFE e >0, HE 6> 0, 4% B(20,0) C f (B(f(20),€))

EELERR ST EY 1517
mENEE

ERINE N E— DM 7RISR, ERPE f (R, dascrete; R, d) S EH%ET [[IE: X (RISRZre e
ST A, CORE T WU f (R, d) — (R, d) AL, BT EA— MU S L8 T 45
IR, P DL 24 3RA T AN IR A B2 I BB B WS B A2 — 4> E R ] .

A LTRSS IO DL T, LR AR A T

5 1.8. H%...
R IRATEBR LTI T, TA12 5 BT dy B dy (HESEE S0 0 T PR R 5
di(,y) < dy(y) < Vi (z).

EX 1.9 (AR, & d A dy RES X LOBAKE. SN dy Ao dy RIBEEN GRS
Er'%“éi 01,02 >0 ’@if*?’

Cidi(z,y) < dao(z,y) < Codi(z,y), Yo,y € X.
AT E GG SIE, AT IR B SRS B i S R A S i

WER 1.10. &K dy Ao dy & X LWRENESdy o dy £ Y LWRENES. A2mks [
(X,dx) — (V,dy) REZH L HRE f:(X,dx) — (V.dy) RELH.
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1.2 EEZ(8) < (8 ESRRET
o DRSS R IR LSS
EX 111 &AM f: (X, dy) = (V,dy) R—AFIEBRS isometry 2o R [ A —NR4Hm H
dx(z,y) = dy(f(z), [(y))
AR, ZEFREERFEMNIANESZEAAMB G T ; Ay £ ERFZRRIZG NG £,
EX 1.12. &AMFR f (X, dx) — (Y, dy) =N embedding =% f £—ANFE 40w E
dx (z,y) = dy (f(2), f(y))
EX 1.13. &AHR f: (X, dx) — (Y,dy) 2—A Lipschitz B4t (3 Lipschitz %% 7 L) =%
dy (f(x), f(y)) < Ldx(z,y)
[ (X dx) = (Y.dy)

EX 1.14. (X,dx) REEZNE, FMNMF 2, XTEE dxy KE&E) 20 H&F >0, A& N &FST
H&M n> N,d(x,,x) <e, T z, dx, Zo

EX 1.15. HAMHR U C (X,dx) R RFEEN v e U, A4 >0, %43 B(z,e) CU

BN 1.16. HMVE [ (X, dx) = (V,dy) £5 zo & AEL 4 B3 TFEEET 2, 25 00, KNA

f(@n) 25 yo = f(wo)
O REGYS R [ R RS,

5l 1.17. (X,dx), BZ & o, FERBY d,, : X - R,z d(z,z0) ZEL.

EBH .
|dao (1) — day (y)| < d(,y)

IR, XRFRER—A Lipschitz B4t
Fig. “d REZN
(1) MAEEH 20,dy, 0 X — R RELEY

(2) d: X x X 5 R R#ZHH.

5l 1.18.
/ : C([a,b]) = R
b
£ [ rayde
X T C([a,b]) L8 E= d(f,g9) = sup |f(z) —g(x)| &L
z€la,b]

< (b - a’)d(fvg)

/ab f(x)dz — /abg(x)dx
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5l 1.19. X (,discrete), (Y,dy) H£& f &4t

ﬁiia. f : (X,dx> — (Kdy) Z'i To é\tééfi = '{f,j‘i'.;‘ e>0 é/ﬁ’- 6 >0 {i'fﬂ?"ﬁ’:% dx(ZL‘,SCQ) < 6 ?Jti]_
dy (f(z), f(zo)) <e

5] 1.20. f:R* >R
FEEFfFRTU REE8SHARY fFXT 1P Ee&s
FRE |z -yl ]z -yl

EX 1.21. &AMHF X LOANEE di,dy RBFN R AL C,Cy #13
Curdy(z1, 25) < dy (21, 25) < Cady (21, )
o R dy,dy RBEME, KL f:(X,d) = (Y = dy) 8L ARY f(X,dy) — (V,dy) E4.
SEIC. SRFM AR LRI F s R — A E A K A

Rl 1.22. REMN = AR ELEDHR 0

WM AL
EELERRGT R B F
mEFENEE
ELFSHEREEMSNEE
F A RE I E S R E S
FIRFERE 2 EES M
— M ERIMES: —BUES
fRT dy RESHEMNY f KT dy HE:
FIE. do,do RARZERENGY.

. BN dy < do,f KT dy S, HEN, WERE e > 0, f£1E 6 > 0, i3 do(z,20) < 6 =
[f(2) = flzo)| <&

MR dy(z,20), W do(x,20) < &, WIR [ RT dy EEE, W [ RT dy L

M, WAR f ORTF dy EE,

- 1)
dz(xay)m = dy(z,y) <=

AR, XL FRAEFFAMNELENET B B IZAEE R ik Kk
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locally continuity via neighborhood

AN AR ) SR B 55— SAR I AL
EX 1.23. £4 NC (X,d,)s 25 v (9MBAKHEETE U EF 2 cUCN.
A, EMNTFER N AT,

it N(z) = {N|N is a neightborhood of x} C P(X).
BHEH,

(N1) Ne N(z) =z e N

(N2) N e N(z),M >N =M c N(z)

(N3) Ny, N, € N(z) = N, NN, € N(x)

(N4) N € N(z)= f77E M € N(z) 8F= y € M,N € N(y)

AR 1.24. [ AERGHEE 1o T EREEE f(xo) B M, (M) £ xo 89— AR

WAL f ARz LM & f(xo) BIEREL, fFAEHEE V C Y 15 f(xo) € V C M, 174E € > 0, {15
f(zo) € B(f(xp),e) CVCN

Bx (0,0) C f~H(B(f(w0).€)) C f7H(V) C f7H(M)

M) Rz BIARE.

KR, B M = B(f(x0),¢),

FH(B(f(x0),¢)) C U € 20

Bx (20,6) C f~'(B(f(x0),¢))

FHE1.25. f: (X,dyx) = (Vidy) REGHSARSEEFEV CY, THRIE FU(V) £ X £
.
Fig. A SRS AN AT RO RBZITE, RABLARBRAYRAR R AR

R f ESLV CY B x € V), f(wo) € V., f 1F xo WIESL F (V) 2 zo BRI, B
A 6 > 0 1§13 B(xo,6) C fHV), Bk f71(V) 24,

FEMEGRETTE, EELSL. T 20 € X, [EE ¢ > 0, TBEKEI—A § > 0, 15 B(z,9) C
FHB(f(x0),€)) =
ENX 1.26. BNES dy,dx RIBIENE, 0 F dy RXHRGFEGELET dy X HRWGF
%,

FiE. BEMGEE—ZIFM: BIFNR—TRFN.

HIL 1.27. % dx 5 dx RSN .dx 5 dy 2BIEMNE, 2 f: (X, dx) = (Y, dy) £
FEMY AR [ (X, dy) > (V,dy) &S,
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5 1.28. #4MHARMTITE, CABIMEA; (2 —BE8 RGBS,

EX 1.29. f(X,dx) = (V,dy) R—HE S84 RAEEN e >0, 40> 0, RE dy (21, 25) <0,
WA dy(f(21), fl22)) <e

5 1.30. R, £J& d(z,y) = |z — y|,darctan(x, y) = | arctan z — arctan y|

AR ABIHLZRRER TR AFHEEELREE
CANAA B F 49,
TR Rxw— f(z) ==z
J(R,d) = (R,d) & —E &4,
(R, dareran) — (R, d) AR —H &L,
BE A |arctann — arctan(n + 1) = 0 12 |n — (n + 1)|
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2 PSet01-2

(1)A pseudo-metric on a set X is a map d: X — X — [0, +00) that satisfies
o d(z,z)=0
o d(z,y) =d(y,z)
o d(z,y)+d(y, z) > d(x,z)
Let (X, d) be a pseudo-metric space.Define an equivalence relation on X via
x~y <= d(z,y)=0.

Let X = X/ ~ be the quotient,and let p : X — X be the quotient map.Prove:there is an unique

metric d on X so that

d(l‘, y) = d(p(x),p(y))

TE B

d(p(x),p(y)) = d(z,y)

L4 ﬁi‘@ % €Ty ~ T2, )rl[J d('rl)y) < d($1,$2)+d($2,y), @ﬁﬁ d(x%y) < d(xlay)7 JH: d(-rlay) =
d($27y>'

o dREE.
~ EEEA(p(x). p) = 0= d(z,y) =0 = p(x) = p(y)
— MFRAEA = AE XA AE d.
o ME—VE. HEPEASBE BRI s 45 B AR RS B AV 2 [F — A BE &, e — 1k AR
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(2)Let (X,dx) and (Y, dy) be metric spaces. Construct a “reasonable” metric on X UY".
i

(@) XNY =2 [HE xge X,y €Y, MMEE z,21,20 € X, 4, 91,42 €Y

d(z,y) = d(y,z) = dx(z,20) + 1+ dy (Yo, y), d(x1, x2) := dx (x1,%2),d(y1,y2) := dy (y1, y2)
o 1EEMSXHRIE TR,
o —ARERX AWK 2 € X\
d(z,y) = dx(z,20) +1+dy (yo,y) < dx(z,2) +dx (2, 20) +1+dy (yo,y) = d(z, 2) +d(z,y)
(b) XNY ={a}
d(‘rv y) = d(yw%‘) = dX(:E7 CL) + dY(ya a)
REE = AAER, AWk 2 e X,

d(z,y) =dx(z,a) +dy(y,a) < dx(z,2) +dx(z,a) + dy(y,a) = d(x, z) + d(z,y)

HAR TP FLECT RALIRHIE.
() XNY AT —MICRERE XNY Edy =dy
WA=X\Y,B=XUY,C=Y\X, FATE-ZHWERZEL Ah—85 C h—mZIEm
fE&.
WA FE ZEF E X, (HRATEE 2D L =M%, RIVE A ERITA K U455

Wi = MAE, MREEE =R B i) sy —e 2 2 =A%, i, M e
HEM € Ay € C, IRKAL

d(l’,y) < dx(fﬁ,Z) + dy(y,Z),VZ €B
AR AL SO B K d(z,y) BIMEA Ziéllfg(dx(x, 2)+dy (y, 2)), BATHNHE SN d(z,y)
A, 32T SR 0 UE I 2 FE 5 (1) = 2 BEK.
o IEEMERM!
o XFFRPEEAR.
e —gcAycAzeC. ¥abebB,
d(l‘y y) < dX('Ta Cl) + dX(aa b) + dX(b’ y)
g dX(:Ev a) + dY(a7 Z) + dY(b7 Z) + dX(ba y)

1 a,b HFERTE,
d(z,y) < d(z,2) + d(y, 2)
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—x€eAyeC,ze A
dx(z,a) < dx(z,2) + dx (2, a)
d(z,y) < dx(z,a) +dy(a,y) < dx(x,z) +dx(z,a) + dy(a,y)
AT a WU #HAS3H]
d(x,y) < d(z,z) +d(z,y)
— HREIE-F PR AL HIE

SEPR EFAMIE H T —A pseudo-metric, A LA EFEE (1) #MEREL X UY EEX—1 %
MBEERE L VEE. FX L K da,y) =0 1 z,y BIER—SEBNERN, ARG
UEBHIRATAT AR — 1 53 2, € B 3 EA1% dy WSET = RN % dy R8T v.



CHAPTER 1. #&4l7% 8] 5% 4 pk 4t 19
(3)Let (X, d) be a metric space,For any subset A C X ,define

da:X —[0,400), 2 — da(z) = inf‘d(x,a).
ac

Prove:
(a) da is continuous function on X.
(b) A is closed if and only if d4(z) = 0 implies x € A

(¢) (Urysohn’s lemma for metric spaces) If A and B are closed subsets in (X,d) and AN B =

@.Then there exists a continuous function f : X — [0, 1] such that

f=0on A, and f=1on B.

TEBA .
(a)
da(z) < d(z,a) < d(y,a) +d(z,y),Y a € A.
FAXS o BUR A, 152
da(x) = daly) < d(z,y).
BRI da(x) LR
(b)
AR %
= A“RRTIT4E
=VareA3e>0,st.B(z,e) C A

—Vxe A Te>0,stda(x) =€

#da(x) =0,z ¢ A°, | z € A.

R A R
= AT
—=JreAVe>0,B(x,e)NA#D

<—Jzx e A% da(z) =0
X5 da(z)=0=2€ ATJE! FHik A RHE.
()

B da(z)
flw) = dA(x)A—i- dp(z)
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4.Let f, 1 (X,dx) = (Y,dy)(n € N) and f: (X,dx) — (Y,dy) be maps.
(a) Define “uniform convergence”: f,, converges uniformly to f on X if ...

(b) Suppose f, are continuous,and converges to f uniformly.Prove:f is continuous.

(c) On the set YX = {f: X — Y|f is any map},define

] dy (f(z), 9(x))
4J:9) = 500 T (), 9(@))

(i) Prove:d is a metric on YX.

(ii) Prove:f, converges to f uniformly if and only if as elements in the metric space (Y, d), f,,

converges to f.
TR
(a) MMEREM € >0, FAE N, R#E n > N, XHERK z € X, )L
dy (fu(2), f(z)) <e
(b) ZEUE, XK 20 € X, AHMEREM & > 0, f£1E 6 > 0, RE dx (2, 20) < 8, (EROL dy (f(2), f(20)) <

E.

XA e, 48— Bl E X, A77E N, RE n > N, MMERM © € X, ]OL dy (f(x), f(2)) <
€

3
BE A n > N, BT f, AESREL, FrUX EHEE e > 0, 7775 6 > 0, R dx(z,7) <0,
AL dy (f(2). f(20)) < 5

JHZN:‘F X ?V%/% dx(l‘,xo) < (5, EETL
dy (f (@), f(z0)) < dy (f(@), () + dy (fu(2), fn(20)) + dy (fu(20), f(20)) <€
(c) (i) o IEEME.

: ) _
D) = S (1), F)

¥ f # g, WAFHE 2o 513 f(x0) # g(wo), W

dy (F(z0),g(x0))
WD) 2 Ty (o), gao))

o XTRRME. BAR.

o AL

dy (F().g(@)) _ dy(F(z) + h(z)) + dy (h(x) + g(x)
Tt dy (J(0).9(0) < T4 dy (7(2) - h(@) + dy (h(@) + 9(x))
dy (F(x) b)) . dy(h(x) + g(x))
(@) +

EMRT o BCEmA, 75



CHAPTER 1. #4[= A 5% 4 pe 4t 21

(i) 2 f, —BOBEE f, #0E X, SMEER e > 0, f74E N, RE n > N, MHMEEH 2 € X, &
YA
dy (fu(@), f(z)) <e.
ES):d

dy (fn(z), f(x)) €
TS dy (fu(a), f2) ~1ge ~ oveed

N fo PR dWSHE] f, SHMERR € > 0, £ N, % n > N, SHERN = € X, Mo

dy (fn(), f(x))
1+ dy (fn(2), f(z))

dy (fo(2), f(2)) < 1%5 SO0VreX

<e€

3 #HiM=IE: EXSEKRHTF

3.1 #hRIP=EIEX
B SR EE A E XHAsh
N T R LA LA B — e 8], B B RRATE SR E AR <RI A

&

MTHEE ¢ e X, BATRB S EHRIR— M EET 1 THH7E,
x s N (z) C P(X),
¥ A () FIVBAN TR o F— A (2) T L T A AR
(N1) Wk N € A (2), B4 x € N.
(N2) i M >N H N e A(), B4 M e N (z).
(N3) Wi Ny, Ny € A (x), A Ny NNy € A (2).
(N4) R Ne A (z), MAIMCNHMe N () [ff5Vye M, NcAN(y).
i,
(1) XTFARBAT Z 5N EAFWIE L. FWO5, L0 T R EZ A GARBRE KX R | T AR L
BLEM T = A LF XGHAK.

(2) ZIHGLEMRMAY Hausdorff £ 1912 F 5] NGy, Kby BAFRR R L—ANEF 72 69 = 18 #9 4
A, @4 R". Riemann . L% 4= AR R 8 &SGR AT 0], ML T 5] N —AL
A B AT . BALIRIE, Bk R R AR R A R A5,

EX 3.1. & X L8 —AMRBEH N R —/ bt
N X = P(P(X))\@

F ik AN (N1) — (N4).
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183 P EREE D TE AR
EX 3.2 (Hausdorff,1912). —ANARIRLEH) L — AN B bt
N:X = P(P(z)),x— N(x)
#4% (N1) — (N4) & 2.
EX 3.3. Int(A) :={z € A|[A e N(x)}
HATREE B0 E
(I1) Int(A) C A
(12) Int(A) NInt(B) = Int(A N B)
(I3) Int(Int(A)) = Int(A)
(I4) nt(X) = X
EM 3.4. T:P(X)— P(x) 2 (I1) — (14)
MPATET (X, N) B (X, T),
EX 3.5. U RFELARY U=Int(U)
% T = {open sets } € P(X) i &
(01) 9, XeT
(02) U,Us € T=UNUeT
(03) Uy €T =UU, €T
EX 3.6. X Loy—ANeitsEM T
SEfHL, L, —MES RS A EIAMER T E
(Cl) X, e F
(C2) Fi,Fh e F=F UF,cF

(C3)

BT FFERE Xhth
1833 A& E XA

22
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3.2 FRIMZT[E)ZEHI
5] 3.7. F @ HKANL h— & Iad 915 F.

(1) FALIBAL.
7;rivz’al = {@,X}

(2) #HIEAL.
Eiscrete = P(X> = %discrete

(3) BEIH.(X,d)
T, = {U¥z € U, 3 > 0s.t.B(z,7r) C U}

(4) A MRIB.X,
Teonfinite = {U C X’U =orU° is ﬁnite}

(5) & THIE.X
Teocountavie = {U C X‘U = @orU° is countalbe}

(6) Zariski #&41.C",R = C"[z1,- - , zp)

Teariski = {U|3f1, -+, fm € Rs.t.U® = commonzeroof f1,--- , fu}

Tsorgenfrey = {U’Vx € U,3e > 0s.t.[x,x+¢€) C U}
(8) ALE% F¥EGT FELEALE NG T RS
EX 3.8. 2o X T, Ty & X L8943, EMAR T BT M@ T To R T, BT TR T CTs

Fig. LAELT —MaFX AR, BRE-A2FXR.

ﬁrivial - T C 7Tiiscrete
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3.3 NEAWHEINEEEENTE
7
B X ZmIEnY c X RFE, EX
Ty ={VCY|3Ue€Ixst.V=UNY},

BEHRAE Py MK Y E—MEEh, B8 (Y 40K X 1) T
W ACBCX, #EXESRIE A BHEMK X Wi B k4K X ir12minfhA
PR B 1723 AR R 45 RS — 2.

FEE FRIFRTN
FAM RN, R X UY,
Txoy ={U|3U; € Tx,Us € Tys.t.U =U; UUs}
TR
5 3.9. X x Y, & L il
Txxy ={WCXxY|V(z,y) eW,Fx €U € Tx,y €V € Vys.t.UxV C W}

Fig. 4 F R7,
7;1 - 7:12 - 7ddoo - [\/ - Eroduct

R [ Xo LoviRIBAA TR 0 Z LT K.
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4 PSet02-1

(1)Let (X,dx) and (Y, dy) be metric spaces.Endow the product space X x Y with the metric

dxxy ((z1,91), (¥2,92)) = dx(z1,22) + dy (Y1, y2)-
Prove:
(a) If U is open in (X,dx),V is open in (Y, dy ), then U x V is open in (X X Y, dxxy).

(b) W is an open set in (X X Y,dx«y) if and only if for any (x,y) € W, there exists r > 0 such
that B(z,r) x B(y,r) C W.
R, (a)
BN UV 73972 (X, dx) 5 (Y, dy) TS, BUILHER © € U, /#4E r, > 01813 B(z,r,) C
Us XHER y eV, 4 r, > 0 15 B(y,r,) C V.
# dx oy HIEERE

B(z,r,) x B(y,ry) C B((x,y), 75 +1y).

EA—EH
B((z,y),rz +1y) CU X V.

N, B 6 > 0 1515

e+ Ty

0
Il xEB(x,%w) C U,yGB(y,%y) cV,IH

< min{rg,m,}.

(@) € Bz, %) x B(y,¥) € B((x,y), 2+ Tv
) ) 1)

)cUxV
(b) WR W 2 (X xY,dxxy) TIE, WAL 2r > 0, 15

B((z,y),2r) Cc W

B(z,r) x B(y,r) C B((z,y),2r) C W.
WHRMEE (z,y) € W, F71E r > 0 {115
B(z,r) x B(y,r) C W,

)

f) x B(y, t) C B((x,y),r) C B(z,r) x B(y,r) C W.

(z,y) € B(x, 5 5

Kt W JT4E.
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(2)[Furstenberg’s topological proof of the infinitude of primes]
For any a,b € Z with b > 0 we define

Nop :={a+nbln € Z}.
Define a topology on Z by
Tpurs = {U C Zleither U = @,0or Ya € U,3b € Z~g 8.t.Nop CU}.

(a) Prove:Jp,,s is a topology on Z.
(b) Prove:Each N, is open.
(c¢) Prove:Each N, is closed.

(d) Let & ={2,3,---} be the set of all prime numbers.Prove:

Z\{1,-1} = | J No,,

peEP
(e) Conclude that & is not a finite set.
TR

(a) L4 Tﬁ%%ﬁ% Q,Z S yFm“s
« B Us € Trursra € A, WAMER a € | Ua, BT a € A 13 a € U, %5 XAFFE

acA

b€ Lo 843 Nap CUs C | Ua

a€cA

U /EllE%‘ U,U, € yFms, I)_”J UiNU, € yFu’rs- ﬁ[‘ﬁ/\ﬂ@lﬁyﬂ%ﬁg Hﬂﬁ#ﬂﬂéﬁﬂ/ﬁ%ﬂj
W a € Uy NUy, WAFAE by, by € Zso 1813 Nup, C Ur, Nap, C Uz, W Ny 1y, € Uy N Us.

<b) y‘j Na,b = Na+nb7b, Fﬁw\ Na,b %ﬁ%-
b—1

(c) IR Nup = Z\ | Nayis RIFERIME, FIEL N, 2 HILE.

i=1
TIUEMMER o € Z\ {1, -1}, AU ERN a = np,p € & {IIEN, MR HE R, X
SRH.

(e) Tt &7 AWML, Wi b—i {1, -1} ZHRAHENIE, M {1, -1} ZITHE, KRR
i, Bl 22 2 TR,

>

(d)

=

fn 48

ém

(3)Define a function d : Z x Z — R by

d(a.b) 0, a=">
a,b) =
277'(0,712)’ a 7& b,

where 7(a — b) is the smallest positive integer that does not divide a-b.
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(a) Prove:d is a metric on Z.
(b) Describe the metric balls B(a,r).
(¢) Show that the metric topology generated by d is the topology Jp,,s above.
TE B
(a) o IEEMESXFRIELIAR.
o ZAAER B oy, AESPID SR SR AT 2, y, 2 WPIASE, ZE
9-T(e=y) ¢ 9=7(6=2) 4 9=T(x=v)
Lz —z=m,z—y=n, WELRIE 277mn) L 9=70m) 4 9=7(n)

G 7(m) < 7(n), B1 1,2, 7(m) — 1 &R n, Bk 1,2, 7(m) — 1 #BEERR n
FHEER m + n, B 7(m) < 7(m +n), W 2770mFn) L 9=m(m) < 9=m(m) 4 9=7(n),

®) Bar)= () Nan

1<n< |~ logy 7

(c) o Ty C Tpurs TW U € Ty, WHER a € U, 11E r > 0§13 B(a,r) C U, AT

Gl

New < () Nam

1<n< [ —log, 7
Hrom ZHiL 1 <n < [—logyr| WA n ME/NAEEL. B U € Tpurs.

o Trurs C Ty FE U € Tpups, WER a € U, {745 m {13 N,,, C U, B r 75/MER
| —logy 7| = m, W B(a,r) C U, \Ifi U € .

(4)[Equivalence of neighborhoods axioms and open sets axioms]
(a) Given a neighborhood structure .4 on X, one can define a topology 7 via
T ={UcCX:Ue€AN(x)forany x € U.}
Check:.7 is a topology on X ji.e. it satisfies (O1) — (O3)
(b) Given a topology .7 on X, one can define, for any x € X,
N(x)={NCX:3Ue T st.xecUandU CN}.
Check:./#" is a neighborhood structure on X, i.e. it satisfies (N1) — (N4).
(d) Prove:the set of axioms (N1) — (N4) is equivalent to the set of axioms (O1) — (03).
IER. SR

o YREARIGEN N, ¥ NARE] T, KikiZ T e (01) — (03), H 7 f&w X433 A7, iEH
NN N CH.
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o GEIMINGM T, How AR A, BAEZ A R (N1) — (N4), F A e X35 7, iEW
TcI,9 c7.
PAT & HARIERT :
o WHIE 7 Wi (01) — (03)
- o BRBET 7. MEE v e X, 1B A E AN (2) ARTE, IFEE N, 15 N, €
N (@), i N, X, 1 (N2) 5 X € H (), Hik X € 7.
— ¥ U,U; € 9, Tﬁ?%)‘(, Xﬁ’fi?‘%“ xz e U,U, € JV(QZ), X{l"fi%i x € Uy,Us € e/l/(.%'), JH:Xﬂ"fE
%L\a?EUlﬂUg,Ul EJV((L’) A U, EJV(IE), EE (NS),UlﬂUQ EJV((E), ,[H: U NU, € .
- B U, € Ta€ A WER 2 € | U, 1 o M3 2 € Uy, #WE X Us € A (), Tl

acA
Uw C | Uay 1 (N2) | Ua € H (), HilL | U € 7.

acA acA acA

— WA ERAMR T (N2) F1 (N3)
- WX EEXL A X = P(P(X))\@, Bl — iR A R R, [HEA HR 4

o N C N WHRERERVIN A BETH T HAERKN A XERTNT 4 WE—oRK
F—ANEMTERL 7 s B BN FAFERIE. B (N4), f£7E M C N JfH M €
N (x), HRAEREN vy € M L N € A (y), Fealkh, B (N1) &2 € M, Bl Int(N) =
{y € NIN € ¥ (y)}, A1 = € Int(N) c N, FHHER Int(N) € .7, .

o N C N, WHREH T WK A BETERYIN A EEXLT C N, TR RES
FRIARIE, PRI (N2) BT A B AR S 4t T A2 A 1 AT 3.

o UIE A W2 (N1) — (N4)
—~HEXxeUCN, Nt xzeN.

—xeUCNCM, A M e N (x).

- %.%'EUlCNl,iCGUQCNZ, m”xGUlﬂUQCNlﬂNQ, EE (OQ),UlﬂUQ &%ﬁ%,
lﬁ[leﬂNgeﬂ/(x)

— % axeUCN,BUNMEIA

o T C T WHGRRNIN 7 BETH & BAERN 7 FMER e Ux e U CU, Fk U
RIS TOR AR, X IERHE RIS E X, FHLE.

o T'C T, MR & BERN T BETRNIN T ARBEERITE U, BoE X, MHER
v e U, FHERYNIFE U, o c Uy U, MU = | Us, 1 (03),U tHRBHIIFE.

zeU

o IEERIE A (01), N TH—T (01), IR Z4] 2 i (01) K, FATAT LA
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WS S L

1 FhibzsEIARYUCEL

1.1 Usg

IR BT AR B, SIAIRINEG I TR SR I S S AR S 4 BB — IR SR 5
BOGEAT BRI ] g L — TS S, B b, — xo BWE “XT zo PERARIR N,
FPA o, BB NFFIFEAE N7 . IR ROTRE S, ATH

EN 1.1 (80). EMNAE—F)E 2, — o, Yo BIAEEHAK 2 89 N, 5L M >0 43 2, € N
S$FHAG n>N.
SEFE QA zo OFE, B N>01EF x, cU FFTHAHG n>N.

A INE R e SUR WS SIOE 8ok s ST A2 — FEIY
B 1.2, 1 (X,Tq) EAZ TS AERNESHFHIBACER —H 6.
2. (X, Taiserete) : Tn — 2o AL HEE N >0 %4 2, =20 FF n>N.
3. (X, Tiviviar) Tn — To FAEZ Y IR L.
4- (X, Teocoutable)
T, W X RTRE, T2 Toocountabte = Taiserete

3&"% X X%Z: _‘5]——#[%; }JﬁZ 7-countalbe ; 7:iiscrete

1B ix Ty — Xo, *FF UIX\{llCnlL"n#on} MMABLE N >0 E4F .Z'nEU]d.’T— n> N, IRA
Tp =x0 T n>N.

1.2 BRLUSERI

il 1.3. /& X = M([0,1] - R) = R
BICE T [ — [ RS
FR: AEA X 54T LR FER S S ALY A B4 TS

29
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1. @, X € Tpe
2. Ul,UQ 67;70,](' e U, NU, #E"}%I{X, ﬁ/ﬁ’- L1, T VAR €1 1€ 15
Y1, Y2, yYn, €2

it = TE&J‘Z,@J&@Z, EX_‘/]\}F% U @*é\ f7 Z?E w(fvxl’ e ,.TL'm,E) cU
IR IS, T BLREI— A N, (7

|fn(xz) - f(.’Ez)| <glgLim

ﬁﬁu fn Gw(faxla'” 7xm76) cuU

30

< B f, = 1 (X, Tpe), FMERE 2 € [0,1], MU = w(f,ze), A U 2—MEE = ML,

FE N i3 f, e U, SHEE n > N, B |f.(20) — f(zo)| <€
N e =Y & €| I

1.3 FRUSE AR E) AU el

O
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2 RPN (8) 2 (8] B E SRR G
FFEEI JFAR AT 5 24 LAY M RG2S A, TR R TT RS MR 2 MR 2 KR
— B AR RIFIERREA FN(A\B) = £ (A)\fN(B)
— [HMNBBRATRA f(A\B) D f(A)\F(B), I FRATL X 73 T i 55 TP st F) 48 2
— fE, L f RS, A F(A\B) = f(A)\f(B), LA b A P e i 254
WIER f ARG, JeidfE BT e AN
W f AR, e R 2
o FREE U RIFELHNY F1(U) BIFE”
— U BIHE = f1(U) RIF5E: XEWERE fEsL!
— fHU) B =U T4 XARWRE [ ATFH!
* HIEX MEPFEAR—BREHR I NED Y PEE U WEG F1(U) rEl!
* LU WA X M FEERRREE R N N AN Y mES U EE 1(U) MU 1B
A—EREREF(f1(U)) RRAAE T U!
w2 f RS, BATAS F(FHU)) = U, BF—AN A H A Al E ).
— “U RIFEM AN 71U) RIFE” el f ES:, HEAH f 2P

2.1 FhibZE)Z [E] A ELERR ST

IR AR ), IS B AR e OB HESEE . X AT R A RR) 7 50 —Fh
MR, — R S AN S5 R A B AN S22 IX A7 s A A 45 2R
R BATSEEL T & B ARSI 51 ) 7 38 SGESEPE

BN 2.1, EAVRBE £ (X, Tx) = (Y, Fy) £
(1) £ zo & F 7t Gedo RAHAE T X P 4ICEFF] 1, — w0, BH Y 7 RICEAF] f(a,) — flao).
(2) FolEsgm R4 R ES.

RATRECAE R R T HRAVEM T “Fpa)” XA, PME X 7 T3l 5 5 SCT RE SR .

N T IR AN B R E SCESEMR, FATIRIZ A8 2 B R f - (X, dx) — (Y, dy)
TE wo ALY AL H] Y PR f(20) BIARIR B IR f~1(B) /ZIEZR X F1 xg HIARIL

SIXAMEFUR A, Al 15E X

EN 2.2. HAFREE [ (X, Tx) = (V, Fy) £
(1) £ zo RiEGWR Y FHEE f(vo) B4R B 8RR f71(B) £ X F zo B4
(2) ELBRM I RC AL E S
1€ FHATTA 5 UEW]

R 2.3.
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NEXITTIES TY I
(2) F Pk 4 M S 4G 5L AR Fp P 44

Aig. EZFHEL LA B3 a ELe, REL BN T L, AT HHEC.

2.2 FRAIESMSEE MRS
FERER A, PR LR AE S RSSO . X T Hhdhas(a), JATh

il 2.4. 2R (X, Tx) = (Y, Py) £ 2o LiFEE, RLACEAE v RFFEL. HA, £5HE
SR W AHAR 25 5] % S e

B & oz, — 0. B f(20) AT B, BEESEME, F~H(B) & 2o WA, A ., — z0, FTUAETE
N > 0§14 z, € f1(B) ¥F n>N. \ifi f(x,)e BXF n>N, B0 f(z,) — f(xo). FTLA f 1£
zo WA T HNES. O

{E2, A B R IR .
5l 2.5. 518 B peg4t
Id : (Rv Zocountable) — (Ra %iscrete)y T

A2 1d 2R 5% 8, I%E%Zﬁ%ﬁﬁ<AAﬁﬂ&w£%mmJ?%ﬁ%ﬂﬁ%@ﬁ@&%)
s, ECAk B AR B 49 PR A2 2 Id ALK RS, AHE R 2 € R, K [1—1,041] 2 (R, Tasserere)
éx%%mmwaszRzmwwg¢x%%mm

2.3 BEARRIEERES MY

EX 2.6. BV f RESEGE 1o R RATEZFL f(ag) BRI, €O RBEZE—A o B9ARBR.
BV f R E LB R AN R E L

WL 2.7. R f & oo RARESW g £ f(rg) RELE, IRL go f LE xo RS
[ xg RFFVEL g & f(xg) LFFIELE, ARA go f 12 xy FF71ES

R 2.8, wR f E—5ES WL fAEX—EFFES
B & x, — w0, SHTE 2o SRR, FATE FH(V) &40k, FATE O

T 2.9. f(X,Tx) = (Y, %) RiESEY B3 T2 R P a7 —AFE, €O RMGEAE—A
&Y B K REANE.

HMER SRR AL SRR RN R
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2.4 FERRGTFAFFIRR ST
FEESWUR N, THERFEARZTTH, AR R PR . H— i,
o JTERAETESMUR N A —E R ITH)
o PHERFEFESIWU N BEA —E 2 )
EX 2.10 JFLGFEABS. & X, Y 24a4b2 0, bkt f: X - Y 2
o FUH BT X POFE U SU) AY PHFE
o MBtAHm R3fEE X FOME F,f(F) AY ToHE.

JUETRASRTF W RIS (O MER R 5 SRR, AT AR o p R e A 2R A, F
AN
RA VSR
“UBa=Ur ﬂB ﬂ H(Ba), fTH(Y\B) = X\f1(B).

et BATRAG
fUJ4) = f(Aq ﬂA)cﬂf FX\A) D F(X)\f(A).

{ELFE, T ISR AR A] I SRS 4 S 0 B SELA 10— e 52 70 SCrP R By B A . e,

2.5 ELEERRSTHYE]TF

5l 2.11. 1 AERATEAEBRS f X Y RELSNS XFLREIAFTL2EZRTZERLERFE.
2. AT =AWH [ (X, Tx) = (Y, Tiriviar) RZELHE
8. AT —ABA [ (X, Thiscrere) = (Y, Ty) RELH
4. eEFBRFRAELGL ARY T C T,

5. m (X X Y,gxxy)

2.6 [F]f%
FI RS , FRATTRENS 2 XA 25 (8] 4540

EX 2.12 (FR). &MARBd =0 (X, Ix) #= (Y, Fy) RBRIES, it4F X ~ Y, R A &£ — A4
f:X =Y (#1F f Ao f71 HRELW, Wi f ARAR X oY ZREG—ARIE,

5 2.13.
(1) (0,1) ~R.

(2) S™ — {the north pole} ~ R"
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(3) [0,1] £ (0,1) £ [0,1) #£S' £ R?
Rl 2.14. FIAER AT A Z H e —ANFM X F.
Fig. RV R ARG B R A 48R = ). ZANAR—ANER BRI R CERIETHRFELRE.
B 1 IR IELR S FIXUS, 25 53 s T L [R5 30 a0 23 B 2 T RS R AT R S5, 4 e 3
WER 2.15. & f: X > Y RELWS. R [ RFGRAE, R4 [ A—AFIE.
TEBNAE B2 B s A o B T — R, SRATRENS € SR MR BRI -
EMX 2.16. % f: X - Y RELZFH, KRMNAR f RN HEALERE f AKX B f(X)CY &)
RAE. £ P RT f(X) F=iEdad.
2.7 AR BRI ETE
A E Re R RS K e AR 258 5 4R P a5 M AR .
EX 2.17. HEE G AEIFH, R LA B M R B LEM, JF
m:GxG =G, (g1,92) = g1-92 A= i:G—G,grg "
A A L BT
il 2.18.
(1) AEAT2E, KT BB At, 6 R 464128, AR AR 00 28 3 4L RE
EX 2.19 (RAMAEAE). @ s b g —ANedh, 243
+ VXV =Vy —»z+y

K xV(a,x) = zax
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3 PSet02-2

(1)[The Sorgenfrey line]Endow R with the Sorgenfrey topology
Tsorgenfrey = U CRVx € U,3e > 0 s.t. [z,x+¢) CU}.
(a) Check: Tsorgenfrey is a topology.
(b) Prove: Every left-closed-right-open interval [a,b) is both open and closed.
(c) Prove:Tsorgen frey is strictly stronger than the usual topology 7, sua on R.
(d) Explore the meaning of convergence in (R, Tsorgen frey)
TEBH.
(a)
o B IR E Tsorgentrey
o WU, Us € Tsorgenprey, TEHL @ € UNUy, MIAELE &1 Fl eo fE15 [z, 2+e1) € Uy, [z, 2422) €
Us, Bl e = min {ey, e}, Wl [z, 2 4+¢) e U N,
B Us € Tovgensrena € A FEHL o € | Us, W o 668 o € U, WEEE ¢ 678

acA
[z,24¢)CU, C U U,

acA

o FHE MW x€lab), ¥ e=b—x, W [z, +¢) =[z,b) C[a,b)

o M. HE R\[a,b) = (—00,a) U [b, +00), HHE LI —FHERH (—o0o,a) F [b, +-00) #B2
FEE, KL [a,b) 24

(C) b %sual C %orgenfrey- i& UC %suala Xﬁ{f%ﬁ T e Ua ﬁ?’f € > 07 1§?¥Ej‘: (LU — & +5) - U7
M [z, +¢) C(x—e,x+e), HIt Ue Tsorgenfrey

b [ayb) 7‘% %orgenfrey EP}F%{EZ:% %sual EP}I:;%K

(d) SHEZEM € >0, f£7E N > 0, FEWERE n > Ny, € [z,2 +¢), B 2, WATELL A 2.

(2)[Different conceptions of continuity]

(a) Recall that a function f : R — R is right continuous if 1im+ f(x,) = f(xo).Prove:a function
T—rT0

f : R — R is right continuous if and only if the map f : (R, Tsorgenfrey) — (R, Tusuar) 18

continuous.

(b) Let (X,.7) be any topological space. We say a function f : X — R is upper semi-continuous at
a point o € X if for any € > 0, there exists a neighborhood U of z( such that f(z) < f(zo)+¢
holds for all x € U, and we say f is an upper semi-continuous function if it is upper semi-
continuous everywhere. Construct a new topology 7, .. on R so that a function f: X — R

is upper semi-continuous if and only if the map f: (X, 7) — (R, Z,.5..) is continuous.
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TEA.
(a) o =
IE£T;+ f(zn) = f(w0),V{zn}
= Ve>0,36>0,[r,z+6) C f 1 (B(f(x0),¢))
= f: (R, Tsorgenfrey) = (R, Tysuar) is continuous at xg
. =
[ (R, Tsorgenfrey) = (R, Tusuar) is continuous at xg
fH(B(f(w0),€)) #& xo ALK
AT U f§15 20 € U € f7H(B(f(w0),€)), FA1E 6 845 [z, 2 +0) C U, Bl Ve > 0,36 >
0, [z, 2 +0) C fH (B(f(x0), ).
(b)

Tse = {(foo,aHa € R}

(3)[The pasting lemmal]
(a) Suppose X = AU B, where A, B are closed sets in X. Consider a map f: X — Y. Suppose

fla: A=Y and f|p: B — Y are continuous.Prove: f: X — Y is a continuous map.

(b) Show that the same result fails for X = U A, where each A,, is closed in X.

n=1
(¢) Prove: If X = UUO” where each U, is open in X, and if f|y, : U, — Y is continuous, then

f: X — Y is continuous.
TEBH.

(a) W U &Y PRIPE, BT fla RESERE, Ll fTHU) N A R—A U PRIBEM A 1
A2, BN A g U R, bl f71(U)N A & U e, FE f1(U) N B W2,
AU = (1 U)NAU(FHU)NB), Atbh £7HU) A, Fitk f RESMU.

(b)

T (Za &%ofinite) — (R, %suul)
T PRI A EBA R B RS , HRESLHL PR FITRNEREZUEHRZA A,
BEATTREATT Y.

(¢) 5 (a) FIFLATIE.
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(4)[Homeomorphisms|

(a) Let N = (0,---,0,1) be the "north pole” of " = {(z',--- 2" )|al 4+ -+ 2}, =1} C
R™ ™! .Show that S™\ {N} is homeomorphic to R™ by explicitly construct a homeomorphism.

(b) Use Brouwer’s invariance of domain theorem to prove: If n # m, then R" is not homeomorphic

to R™.

(¢c) Prove: If f : X — Y is a homeomorphism, then for any A C X,f : X\A — Y\f(4) is a
homeomorphism. As a consequence,prove [0,1] 2% (0,1) 2 [0,1) 2 S' 2 R?

TE B

(a) ¥ S M R TEHRRARRR FIARR AN 2,0 <i<n, X 1 <i <. B 87 =D X7,
j=1

82—1 2Xz
y Ly = )
s2+1 s2+1

Ty = <1<n

(b) AW n < m. BIEAEZIES f:R" — R™. f ZIESHRY, 1 Brouwer XIAE M e B BA 1

(c) U & X\A FiJTr4
— fPE X TR V 13 U =V N (X\A)
— Y FIFE (V) 13 f(U) = F(V) N (Y\f(A))
— f(U) & Y\f(A) FHITE
Bt f: X = Y\ f(A) =ZFIE.
B f:[0,1] — (0,1) ZFE, W [0,1) ~ (0, 1)\ f(1), (HATHEEBR, J5E & REBR, Bk
XA TTRER. AR IR IE T UE B AR
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ZEMTE, HSHRINMIRSESFHI

\l

1 FhbaIEFITE

o IINEERIE X

H 2 25 R PR 9 R P R 21

FA W 5 SR I 15 A 45 R N 2 O HE U
— GRERRRET A
— RN

AT EEAE X

o FFHEE BT S E S

ZE A

1.1 EBEEXHhRIP
ﬁu%fﬁ;ﬁ]—% %rwtriw %orgenfreya <7p.c. *D gXXY EQ%X)

Imetric ={U C X | Ve € U,3r > 0 s.t. B(z,r) C U},
Tsorgenfrey = U CR | Vo € U,Je > 0s.t. [z, +¢) CU},
Ixxy ={WCXxY |V(z,y) e W,3U € Ix and V € Fy s.t. (x,y) e U xV C W},
Tpe. ={U C X |VfoeU, 3z, -z, €[0,1] and € > 0 s.t. w(fo; 21, ,2p36) C U},

IRAEH S IR B — I L B AA TR A
I ={UcCX|VxeUIBeBst.xecBCU}

MFRANER B C P(X). fERLETE SCH Ja— A7 £ 58N IE H 0 !
IEATAE R BT & B CP(X) & X B DTEIK, s EmE e ™

B = Ptk

EE: B ASAZ MR
PATH RS, fEXF B B AFERIEGE S, EHE XRERIR T & Mhih?

38



CHAPTER 3. #A=FX, % Fi64 4245 F 4641 39

o RIEWIE S € T5.
o EMME X e B, WAFHFEMNERN z € X, f#4£ B € B f#f3 z € B.

o WULU, € I, BAINEGLE U, NU, € T, BIFHMERI 2 € Uy NUsy, 7 Be Bffifgd x € B C
U, N Us.

AR ANZMAET U, Uy € T, WELREIFARZER B ARG 1F—A%M. H2E, il
*,Z‘J‘ﬁl:'_:., Xﬁ'fi%ﬁﬁg e U N UQ, /T?TZE Bl,BQ €Bst.xz¢€ B, C Ul,x € By, C U,. Fﬁugﬁiﬁﬁﬁ
S, BATAT LMEE TR By, By € B, AT &) x € BiNB,, 1ifE B € B, f§if§ 2 € B C B;NBs.

FiE. ERA) S, ARLEFMH! BARFEME EELFE BeB LR T PHLE!
o BJRB Ua € T, WABMANE | JUa € Tp, BNIER 2 € | JUa, F1E ao 18 © € Ua,,
FIUMEAE B e B AEf o € B C Uy, SHEWRH o B C | U, 8 | JUa € 7.
UL FRA TR A T — A E R T %*/{\%M‘J%%%ﬁc%&:ﬁ B 2
(Bl) Vx € X,3Be€ Bst.z € B
(B2) VBy,By € B,Yx € ByN By,dB € Bs.t. z € BC B; N By.
EX 1.1 (GHihHEE). (1) &4 B C P(X) #ME2—Adedhe) e RC#H A 54 (B1) 4= (B2).
(2) Ip #pAGE B £kt i64h.
FiE. TR ATR A MR G464, tode, T @ o) ZANEARARAS £ R R? Lo9Rk Xda4ha9 k.
By = {B(z,r)|z € R*,r >0},

By = {B(w,r)|x cQ?re Q>0},
Bs = {(a,b) X (e,d) a,b,c,deR}.

EE By R/ HE!

JFig. ERMBARIA: 2L B C Tg, Lt B PHENTEAR LI Ty POFE. —A K3
A8 BG4 R R R A

1.2 f5F: FEH
BRBRATE — R (X, T, FAIA BT RIR
[ %o = {(za)|za € Xa}
B RS, RPN SR A AR E‘J’éﬁ‘;ﬂ%ﬂﬁﬁ%ﬁé, FATAT Lk +%
B= {HUQ|UQ € %}
R WAL B £ (B1),(B2), ﬁtﬁﬂ‘ﬁ%}%ﬁ\%%
T 0w = {U C [[Xa|V(zo) € U, 30, € Z st (2a) € [[Ua C U}.

RN X =[] Xo LHFEIHT.
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1.3 BEEENXHIN: &M
NT IR B Ts WKk FR, BRAVEH “H B AR IN I57 XA)iE K EAMERE.

Rl 1.2, R B RIEI T 09k, AR A

%:{U |B’CB}.

Bep’

PER. IEMIRATZ AL, B € T, FTUSHER 78K B C B, #1146
U B e 5.

Bep’

40

M, ST U € I FfER v € U, #E N B, € Bffif§ 2 € B, C U. XEWE

U=J B, B U AAERIERA

zeU
YEJuttER, AT
#IL1.3. R BAE T Wi, L BCT' WA TgC T .
XEWE T 2R B PRI ES NITEN BN
T = N T
BCZ',7' is a topology
1.4 HRIEETERERRHD

B 1.4, BRAEE X Lidsilk 7, () T, £l

TE B

« 9,X € T Na=0,X ()
e U Us € Z,,Ya=UiNls € Z,,Ya=Unle (7

. UﬂE%,VQéUU/}E%éUUBEH%.
B B «

BWAEW S C P(X) & X WEE TR

EX 1.5. B S £ARiad =z LA
T 1= ﬂ T,

SCcT’

BAIEU, Ts AR S F &G NITERIN &R
—MBERK AR, Ts IR A7

Rl 1.6. X S C P(X), it

B={B|3S,--, S, €Sst. B=SN---NSy}.

O
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(1) %% |JS=X, M2 BR Ts 94, B Ts = T

Ses

(2) M, W R X' =) X, M2 BR X Etydeit Tp 004, H B Ts = {X}] T

b
EBH .
(1) B SLS € B it | = X dEa | = X, KBS TH0 B 2 A (BL). BB
A (B2). UL B J— A, BAAHER I 7
T' 58— T DOB.

Fibl () 7= (| 7, B B AERIEIMNER Ts.

Ssco’ Bco’

(2) B ()X} Ts 2 X B RIEGIE, TR X BER S NIFERRIR.

1.5 HEHFERZIE

—MNERKI R 4E —MER B, AT AT e R 52— e T A XIEA—
A i B ) E T«

Wl 1.7. X (X, 7) R—ANed=l. £k BCP(X) &6 7 9k S AR Y
(1) Bc T
(2 ME&EUe T Alt&xel, 42 BeB#FreBCU.
JE B
o BN, R B R T WE, B4 (1)(2) KoL

« BHAEW (2) HIRE (BL), HH (1)(2) 40id (B2). Bt B &—44. M4k, (2) 2k 7
THEHFRE T TR, Bl 7 C I BRMERNE I € 7. it B £t 2
7.

KA TEF
Wl 1.8. % (X,7) R— Azl £ SCPX) A T W FEALARY

(1) Sc T

2) MEEUCT foltE 2 cU, HE Sy, S, €S Fae()CU.

=1
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1.6 BEEMTFEEXESMH

TANCLF BRI R Z MRS f X — Y 2SR 2 HOCEITRR RRRITHE. AR
FATA T ZA I R AR AT, B, s S A TSR R T

EIE1.9. ik BA S WES A TG 9FE MAMS [ (X, Tx) = (Y, F) RELHS LRY
HEE BeBH fI(B) A X PAELSARENEE ScS A () 2 X FFE.
1.7 flF: F#hid
EX 1.10. —MaFEEA—NRE X = Mo XA < B
o z< 0,
e WR <y y<z AL <z,
e WwRr<yy<a, Na =y
N BFFERANMFE (X, <) HEMET 2y, & =<y, K y< o
ERIGERFRR <G, OTTLLEL < N
r<y=x<yHz#y
EX 1.11. 25 % (X,<) L8 FBI Tppe RETFE S AR, ¥ S BFIA H o
{z|z <a}, {z|z>a}
E XN

AHEE H T T4
{x|x < a} , {a:|x > a} , {1:|a <z< b}

E‘J%&ééﬂﬁi %rder E(J—‘/l\%

1.8 f5IF: IR

FIR. AR LeE P AR, B EA B RAR o- KRB R LT KAfeoAIpM 092 L7 XA —H .
W (Xo, To) R WRABAN I, BERAERS RRE | [ Xo B8 SGRBURTS. 3ATCAH 2@

Kl 1.13 ikt B R [ Xo b, AIREMLE HXJL%S(%’@TETI\ BUERRATHEEH] 1.13

ks | [ Xa LE‘J%%ETE?F. EREBXT Xi Y, WRBANE mx : X x Y — X NI,

WA U XY =x'(U). — s, AT g [ Xo — X NI,
EX 1.12. [ Xo L8R Tpoquer £ 8T 5
S=J{m;'(Vy)|Vs € T4}
B

ENARSE NN
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TBURI TR [[ U EEKIE, K Uy & X, PHRFFEIF B FHIRA o 4

U # X, B T A RIAL, T, oer F oo BARFIN; AEE TR IRIER, T et PAETTT T
R TRBUFANE R AR I 4 F AR, (Hse L RBURINE N EE, SH S B AR,
5T, BRI V% 2 PR IR LS PR A .

Rl 1.13. MEE B, HH A 715 HX — Xp AEZYSH T B, 3P KK T HX AR
164k A 484641,
B T IRBR IS T A AL, DA I X IR AR AN IE B L, XA AR I B
o WF IR T RIELIEA (Xs, Tp) THHERIFE Vs MEBRZ (] Xar Tprodue) THIFF
5% 751 (Vs). i

o XITHEWIN s BRIFMPANTHEBIHE W C T MMEER z € W, f£1£ U, € T, fiif5
T € HUa. .JH: Wﬁ( ) c Uﬁ C W@(W).

I b, FeRIAH T LI s SR %]
WEE 114, RARIBI Tprogue RIEFEA 15 Aok [] X, L8R,

Y. BAIDBEHEN 15 KT Typoauer WOBELLN. AU, WREA 7 XTHA [ Xa k
Wi 7 R, MATA 751 (Vs) B 7 FHTERE, B Troge BHT 7. B

1.9 ERAIMAZ IR
PRI AN RS 1 T 2 A B
EIR 1.15 (BRI, & X, X, £BIEWE [, X - X, AWM. KT HX A s
3. AR 4w gt
FeX = ][ Xa iz (fal2)

RELGH S ARG EN f, =m0 f RELH. JIb, TAdpdb R [ Xo Lith R AN 8% — 541

X *>f (H X@,%roduct)
\ lﬂ'a
Xa
TERA.

o W f RELLM, A fo =m0 f MENESM R &t RELLN.
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o W fo ;RIES, WATEAE f RAELSEN. TATME HX H—/NF3HEA

§={ms"(Vp)|Vs € T5},
PR T = (5" (Va)) RIEGI. T f~ (5" (Vs)) 1R (m50 )7 (V) = f5 (V)
o BRJEEATELEYISRARIG IMGZ VE i ME 2. B T R HX il Rz PR A

— ([ % 2
Xa
— HREEY o L. B X N ([ X, 7), B RSB, W)
(] Xe. 7) = (I Xe. 7)
Ny !
id SEAREIESLIRGS, 2 MR, IS
(HXom%roduct) % (HXomg)
x N
LH: y C %7’oduct'
(H Xaa 9 HXOL) f%roduvt)
\ Xa

LH: rypraduct C g

8)-

44
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2  BRETE XHIFATN

2.1 FESHI
AT A ST A
o FATLATRINGES T RBUEI Typoduer 7 [[ Ko BB m5  [[ X0 = (X5, T5) 2
FE W 1) 52 53 4 i *

o Kl ¥ (X, T7) RIndhEE,A & X TR, Barxmdhh Ty i A BESasus
L A X RESMUN RIS .

A, FRATTAT LA FH B SR A 3 BT PR 4 b
EX 2.1, 3% {(Ya, T0)} ARG, &
F={fa: X = (Ya, Za)}
R—%WSA. X L8y F— 5 F830, it Tr, X HIEIFHTA WS f, R &L R IB
IR, ANE BB T XA E L

o B, EheAA LKA B, W REMNKT X RiRe94641, 7B, R 2AEETH f, HRAE
gy, LR AT

o WR Ty A X EAREEA fo AELEGIEA, WL B RNCEFEG,T =T £

B
X E#ydedl. sbobh, REME f, X T T &% Bk, A& X L E—ORPHOBIMEFEAN
fo #RARZELE.

AHEFR XA AT $25E X, T A H T4

Sr=J{f' (Vo) |Va € 70}

AR AR AN, ERAERATAE — AR (Y, ) RI—D £ X — (Y, Fy) BIRRRIG LR, 12
S{ft MV e A}
KGR X ER— a4 BT AR FBLL T,
Ty ={fV)|VeH}.
Wk A EFE 1.23 fER, SRATH
Wl 2.2, % Z A—ANEIER, BT X A F-E554630 AAaws 7 - X RESOHSEHMRY

HA foof: 1 Z =Y, RESZE. WIL F-ikF 6 R E—iH L i a9 46 4).

z -1 ,x

fa% lf °
Y,
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o R fRELEW, A foo fAENIELLMI I E & MR ELEH.
o B foo f REELEN, BHIE f ZIELLM, AT X M7
Sr={fa'(Va)|Va € T}
IEEANTTERMIEER (0 (Va) = (fao f) 7 (Vo) #RIFE. ZBOLEN (fa o f)~" HELE
o Biln 7 i X 12 B BR 1R .

— HJE
(X> e7..7:) % (Xv 9)
f

faold=fa l °
Y,

«

HA (X, Tr) L2 Y, RESBUE, FILL (X, TF) 5 (X, 7) RESH. B T C T,

- BE
(X,7) -4 (X,7)

\ lf”‘
faold=fqo

Fh (X, T) L% (X, T) RS, fibh (X, .7) L5 v, REsm.

- %8
(X, 7) —— (X, IF)
faolm lfa
Y,
Fh (X, T) Lo v, RiEsmu, el (X, 7) 2% (X, TF) s, B 7 ¢ 7.

2.2 BSHIMIESZHIT
PATCLF B 72 [ Fh AN AR A0 8 ] LR v S0 dh. A5 285N LA 1

B 2.3 (FHFEFHE SN, % X = M([0,1],R) & [0,1] L FTA 5485 549 2 4R Ay & 8972 ).
MTEEW ¢ e0,1], & ev, s X — R ABABS

evy (f) == f(z).
28 {ev,|z € [0,1]} £ A% FBA3E AL FASIB.

TE B O
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2.3 KiFSHI

W SRF AN i 68 FH S 40 0 M 2 TR1 R [5] B15 25 [B], 3 REAE FH RN P 41 AU =25 )41 380 5 2 (). o f
Mt W (X, o) &I TERLY R—MEE fo 1 Xo — Y BRI, ATERRT ¥ —4
WAMEREA [, HODELLW. 53— HRMNAHREMEH Y BRI, BRI R MMEE
EH] Y ARG R E L . LA IR T Y —AMES £, SR RIRIn N, K E AR E X
EX 2.4 (RFEFHI). & (X, To) A—%ABAZEN, BY R-—AEESF={fa: X0 Y} 22—
EIRALY HARREA f, AEL W RRIEBIMA F AT R FB4

AT @2l PRI IMAENS 2 R B X F %S I5 4R I, F-A 15 H
T X EMIRANERARZ DR X BRI s, — B, X BRI NER R AR X BRI (H
J2, WIRFRAVT A0 1A ) R, BATT 4 R IERA T T W (1 44K 1 F A A B 35 4 TR R B o FRATTAS 2
FEMAR NG I, TR MR RS L 32 A ERATTA — IR i) !

TN E B LT R B
FIR 2.5. X (X,, T,) R—HBIEE [, X, > Y Z—kg 2l {f,} #F8Y Levkik
F B4 A

T =({VcY|f'(V)e Z}.

IR PR AR, A AN AT DL R T 2 P R -

R 2.6. X Z RIBALER. KT Y A F RFEFIEI. RARS Y - Z RELEW S ANRSH
NS fofo: Xa— 7 RELE. WHNF FF 045 F 164020 LR 69— 164t

TEBR.
X, Iy

—
o\
7
o W f RELEN, A4 fo fo VENIESMLS ) E AW IESET.

o RBL fo fo RIELM, FE f RELLN), MIXMER U € I,/ ' (U) £ Y HHIJTE. g X, X
RVMERN o, /01 (f71H(U)) £ Xo THITEE, B (fo fo) ' (U) & Xo THITTHE, IXMALE A
fofo RS

o fitn 7 W Y bR .
— I8

~

— (Y, )
lid

X, fa
id%
(

BN Xo 125 (Y, Tr) RESEBUE, FiLL (Y, 7) 5 (Y, Tr) RESWSE. B T C T
— FpE

Y) yf)

X, — (v, 7)
idm lid
Y, 7)
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BN (Y, 7) 2L (Y, T) REEmt, bl X, L= (Y, 7) RiEsmst.

— %JE
X 4> Y y]:)
\ i
BH Xo 225 (Y, ) RG], TRl (Y, T5) <% (Y, ) RS 1 7 ¢ .

2.4 fF
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3 PSet03-1

(1)[Universality of the induced and co-induced topologies]

Prove Proposition 2.3 and Proposition 2.8 in today’s notes.

W 3.1. X Z A—AeAR N, KT X A F-ifFdeil IRawst f: 7 - X RESH LAY
BAS foof:Z =Y, Ri#ELE. I, F-5F1641 K“ﬁ*—«miﬁt MR 89 36 3.

JEHA.
Z —> X

N ifa

o B fRIES, WA fo o f1ENIESIBET ) A th L.
o BB foo f RELEN, THE RSN, X X 0T
Sr={fa'(Va)|Va € T}
WA TERIIRE 7 (f7 (Va)) = (fa o £) 7N (V) #RTFEE. IXBOLEN (fa o f)7" &Lk
o BT R X iR MR

- %18
(X, 7r) = (X,.7)
f

faold=fa l °
Y,

KR (X, Tr) L2 Y, RIS, Biol (X, TF) <% (X, T) RIESWSE. B 7 ¢ Tr.

- %8
f
faold

=fa l °
Y.

(63

HHR (X, T) L% (X, T) RES, Fibh (X, 7) L5 v, s,

- &
(X,7) (X, Tr)
\ ya
KR (X, 7) Lo v, RdEgmt, Bibh (X, 7) 2% (X, Tr) RESwSt. B T ¢ 7.
O
W 3.2. & Z REATH. MT Y A F REFHI 2K f:V 5 Z REGHLARLE

AN fofy: Xo — Z RELM. JLINF 3 5‘—%%%‘%—%#];&«@&% PR 69— 46 4
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TR

o R fRE

® {E/%& fo foc
FE U = a,fa (f~
[ o fo REELLN.

B, A4 f o fo ENIE

SRRy, B f REsn, BIXHMER U € I4,f~
LU)) /& Xo FITFEE, B (fo fa)™

X, Ly

N
7

B IR A R LR

~

o it 7 WY BRI,

- I8

yj a a (Yy}—)

— &

K (Y, 7) L (v, 7) i
— %E

FAN X, 25 (v, 7) 2%

(2)[Neighborhood basis]

\ I

(Y, TF)

B, FTEL (Y, ) <4 (Y, T) £
Xo —L (v, 7)
(Y, 7)

R, T X, 22 (Y, ) £

LR, FTRL (Y, %) 2% (Y, ) ReiE

50

YU) £ Y I, $em X, X
YU) & X, HITTEE, X BSLE N

gimit. Bl Ix C 7.

HELEUR

Ziwest. Bl .7 C Tr.

Like a basis, we can define a neighborhood basis (or neighborhood base) as follows: A family
B(z) € N(x) of neighborhoods of x is called a neighborhood basis at x if for any N € N (x), there

exists B € B(x) such that B C N.

(a) Express NV (z) in terms of B(x).

(b) Define a conception of neighborhood sub-basis.

(c) Write down a theorem that characterize the continuity of a map of f at a point = via neigh-

borhood bases and via neighborhood sub-basis, and prove your theorem.

TR
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(a)
Ng={AUB|A € P(X),B € B(x)}.

(b) = BIARIEHE S(z) C N(z) PEFRAE o AR T RIRAIER N € N(z), f77E Sy, , S, €
S(x) 4% (S C N.

()

EE 33. [ X oY oy X &&ESEL HREMEE f(og) WA N, A& B € B(x) 1%
# BcC fY(N).

TEH.

o W fAE mo AIELE, MIXMER f(xo) MIARER N, £71E zo MIARIR M 15 M C fH(N), %
& UAFTE B € B(z) 13 BC M C f~'(N).
o KA B(x) C N(x), FTbh f %4

O

FE 34, [ X oY £ aope X AESYAREERE f(ay) AR N, H£ S € S(z) &
7S cfYN).

TE .

o KA S(x) C N(z), UL f iESE.

(3)[Topologies on RY]

Consider the space of sequences of real numbers,
X =RV= {(ml,x2,~~)’xn € R}.

On X we have defined three topologies:the box topology .., the product topology Zproduct, and

the "uniform topology“ Zniform induced from the uniform metric
duniform((Tn); (Yn)) = ilelll\)l min(|z, — y,l, 1).
(a) Prove:Jproduct C Funiform C Thou-
(b) One can also regard every element (z1,z2,---) in X as a map
f N>R, n—uzx,

and thus identify X with the spaces of maps M(N,R). Define the pointwise convergence
topology 7,... on X, and prove 7, .. = Jproduct-
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(¢) Fix two elements (ay,as,---) and (by,bs,---) in X, and define a map
[ X = X, (21,22, ) = (@121 + b1, a2 + ba, ).

Prove that if we endow X with the product topology, then f is continuous. What if we endow
X with the box topology?

IER. X =AM A 2

Broz = {H(mn — &p, Ty + sn)}

neN

Bproduct == {H Un|Un S %7 ﬁlza/[\ﬂéﬁu(mz — &, X5 + €i>, ﬁ;%%ﬁ%R}
neN
{(yn)Hxn_yn' <€,7L€N} \6B((a:n),€) €< 1

Buniform = {B((xn),s)](xn) € X,e€e R} ,B((zy),e) = {
X e>1

PRI T2

Sproduct = {H Un|Un S %, Rﬁﬁ/l\ﬂ%ﬁﬂ(% — &y Ty + 51‘), ;H\:%%BZ%R}

neN

(a) g‘iﬂf <?éroaiuct C %niforma /El%?ﬁE Bproduct E'jfﬁ%%%g% e71.4niform EP%% /EEEX (yn) € H Una
neN

FIE—N e <UD (v — e,y +€) C U, BRBEN U, PRAFRNEW (2, — e,z + ). A
ifi (yn) € B((yn),)  [] Un-

neN

BAE Tuniform C Tvows ATTUE Buniform TR Thow THEX BIRE T, TIHE. XWT
{(yn)“xn —Yn| <eyn € N} \OB((,),¢), BEHE {(yn)Hxn —Yn| <e,m € N} € Biox MM
Thow TR ABRARIE 0B((2n),2) 2 Thow THIEE.

(b) Ty HTH
Spe. = {w(f,n,€)|f € M(N,R),n € N}

Spe. THITEH w(f,i,8) 5 Sproduer THITEER [[R xR x (f(n) =&, f(n) + ) xR--- HE
KR FEGE W Sy = Sproduet, PILEATA BN Z AR [F Y.
(c) ZEUEH] f HESR, REGIEMIE PRI EUR R IT 4.
W oax; +b; € R, N x; € R.
B aiw; + b; € (ci,d;),
o Ha; #0, 0 ;€ ;(ci — by, d; — by)
« #oa;=0, M z; € R AL o,.

T DR, h e [ Ve MURGEEL RS, Ban [ U., 0 U, hiE R 4%

neN neN

FNF V, BlE R KL AR, i ] U, tRErh o iR F 4. Rt f %,

neN

BIANVRT X FAah, EOVP IR 1, 5 AR R 8 el A, f AR THIESE
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(4)[Countable basis|
We say a topological space (X, .7) is second countable if it admits a basis B which contains countably

many sets.

(a) Prove:(R, Z,suar) is second countable.

(b) Prove:(R, J5orgenfrey) is not second countable.

(c) Prove:(RY, 7, oduct) is second countable, while (RY, ) is not.
TE B

(a) B={(a, b)’a,b € Q}.

(b) Tsorgenfrey = {U CR|Vz € U,3e > 0s.t. [z,x+¢e) CU}.

YooE S, AT [z, + ) BIXALZ (R, Tsorgenfrey) THIFE. W B 72 Tsorgenfrey HIEE.
@%X, pa) xr, € [xl,xl + 51), ﬁfﬁ/l\ B, C B 'fﬁ?%{‘ r1 € By C [%1,.%1 +61)- %ﬁg, *FT
€1 # .CUQ,Bl # Bs. K&)‘j& T < Iag, )r\[” r € By 1@ 1 ¢ BQ, LH: B, ?é B. U\ﬁ‘ﬁ B Z:Efﬁ

(C) ) B: {HUn|UZ = (ai’bi)’ai7bi S Qal: 1727"' 7m’;H\:é§Uj :R}

neN
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EEZE])

1 E¥hib

1.1 ik

- RERAN R T URE R R R A ) EAE SR AN H R OT L S RIBA TN 55— PG
ECEE Dl 11 PR EECE

FL LA ARG AN 48T L BAOR AT LKA G5 B AR 15T 4 D 8 1 B Bk
TGO R, BEABARF R EARH “mIdie” | et 2 T U 583 .

w X MR RIEEES: X - Y 2N Y EMRIFESFIHINN ¢ I5FH
[EECELS

W X MY #EmIE, IS ¢ X — YV g a e gms it Y fihdhegl g
FEFIR RIS, —BAIE ¢ ZWS, WERFPSERER Vv 2 Y FHESHEMNY ¢ (V) & X
HOT AR, IS ST B RTTE A 7 R S #8023 S it

Y — AU, BATIR p~ ' (y) & p IER y €Y EILF4E.

TR 4208 N, TR WU B 5 IR AT L

A M R R /R AR AN 2 LT 50 4 E MR TR (X, Ix) B X B ANMEER G R ~.
IEAFRATT LIS B — N HEMRHARPIHERTE Y = X/ ~ =P EARE p: X - X/ ~ 2 —
[x]. FERXMIEIL T, FALYER — SR TR B W 75 3 R A 5500 58 R 75 S I R FA5 0 19
G NEM KRR, TATE BRI, B2 G M [ X Y, BB T X EH—

1.2 2R
HAEMR. d

it 1.1, p(X, Tx) = (Y, F) BB, f: (X, Ix) = (Z,T,) &%, #HA f= FHEHFS—A fiber
LA FIFEFTAARGELERS f:Y - Z.

54
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1.3 SEEIEEE(E)

1.4 #E: ZR—1ZEEFRF—T RS TR

1.5 Hi&:
1.6 #hi&E:
1.7 #iE: HE=SEF0

1.8 #J1E: ARESHE

95
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2 BMERSSHEHI

2.1 [EIREEE
XPRAEE A B &3 S I BB M 0, FHRFE X PRI BT 5 LR
ENX 2.1. % X R—Adsdlz i,
Hom(X) = {f: X — X R R=}.
B 5Bk, A28 AR A9 26T Hom(X) M —ANEE, #riE X 69 R IR 2%,
PR R X, JATRRHA — D HERIA X EF AN b B AR

2.2 E1EH
WEL 2.2, % X 20, #F GOX, RARBS 7 X — X /G T4,
. WMIEEUCX, B ol UgU

geG

R U IR, BN« — gz RFIE, BTl gU 2T, Wil o~ (x(U)) 2ITEE.

HI R 34 E S (U) IR, T 7 ST
FIB. TR G BB R X L) —AMER R AR R
7 G — Hom(X),
B EEALE ge G HE—ARET7,: X - X, HE
TgOTh =Tgn, Vg,heaq.
ERERIEALE AT UMEGE 7 52—l SNIERATEATECR G By G/ ker(T), LA
AHE X b R — MERIRR N — N B SEE .
2.3 HUBMHET(E)
EX 23, b — NG EX LR e X 98 R ES

G -x:= {g-x|g€G}.

56

IR TT A

PAVHEE 2L N 1T B VE 260 7 R PUE AR AR f . X B BATES H— DM PUEARH 2R 161

Bl 2.4. £/& S" ERAE S xS' L@
oler (ei01vei02) — (ei(GJra)’ ei(6+\/§a))'
R2ACHPERFE St x ST Lo —% “HEHER” .
BATTLME X BRI R Rt

r1~xy <= JgeGst. xy=g- 2.

BRI, X RIS T EGR SR I 2 BOCH TR R DMUE . B S R E A

Fr KA.
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EX 2.5. b7 # G EHIZENH X L—MER, i TR EXABZNR X/G =X/ ~.
Pt LA 5 S0, OB T “HUERI 27 T R R .
5] 2.6. /& Rog EAREHEHREEANLER L, B
a-T:=am.

AR EA ZAHE : Roo, {0}, Reg. 1A 4R, $hit 5 A 0 ZA 2 E AR, { 1,0, -}, HEHik %
L E7 £
{®7{+}7{7}7{+77}7{+7077}}'
2.4 fF
2.5 fIF: Hopf £4M
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3 PSet03-2

(2)[Cone and suspension of S"]

Prove the following by construcing a homeomorphism for each pair of spaces.
(a) C(S™) ~ B"*!
(b) S(S™) ~ S"*!
(c) B"/S"! ~S".

TR

(4)[Quotient map v.s. open/closed map]
(a) Suppose p : X — Y is a surjective continuous map. Prove: If p is either open or closed, then
it is a quotient map.
(b) Construct a quotient map that is neither open nor closed.
(c) Let SO(n) be the special orthogonal group. Define a map
f:80(n) —S", A Aey,
where e; = (0,---,0,1) is the “north pole vector” on S™'.

(i) Prove:f is surjective, continuous and open, and thus is a quotient map.

(ii) Consider the natural (right) action of SO(n — 1) on SO(n) by
B 0
B-A:—A(O 1), VB € SO(n—1),A € SO(n).

Prove: the orbits of this action are the fibers of the quotient map f.
(iii) Conclude that SO(n)/SO(n — 1) ~ S" 1,
TEHH.
() (i) o WERIFE ec S ¥ e N R W—HIHEIESCE, ibBAIHR A &5,
FHAE e RERJE . WA (Al = -1, Wgs A B SIS, Witk )
A€ 80(n) e Aey = e. RIIL f /25T,
o |Aje; — Ager| = |Ay — Ay|, BRI f J& Lipschitz BIEET M T A2 % LR
(i)
(i)
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RHAE: RRS. A8, RERFEF

1

] &5 FOAR PR &

WRIREBE AN EARMENTRERX, IR KRR s BRI #E. fi A
AR, A A ARITER, IRAAFE © € A° ERIHMERITR U W2 v € U, AL UNA # @.

PSR R I B, X AR AR AN — 5, S RENE R B — TSR (Rtn] LABON AR 1Y
A1 RATRES R E— D EDPKITED) EIZ A ERIF H SRR, Kt i 4% m BEAZ
P IR SR PR AB AN 2 AT SR AR PR .

RESRANE R 0 YR RAKZ, M a2 2R, JF e MR s s 4. HIXIF A2 Bilar

PN R AT, ARG R MES HICHE B E A R SRR, XA iEB0A 1A
Rhgeadin) X, — Ak AR RARRT X PSR, AR P AIIRERE X A SRR IR,

WER 1.1, A PAERLFAFINGFIIMBE (£ X PRMR) 2 A GRS,

. B e X A PIERAHEET {a,) WFTIRIR, X TARAS « WFFE U, 7778 N 513
N% n> Noa, € U. BH {a,} FRBELHEFS, Fl UnA SOERNEE, EOH A TER
B, B ANU\ {2} £ o, Bl o 2 A FIRIR . O

B 1.2. % X RHE—THEMrc X £ A GWIEE, RAGE—FE {a,) K3 2.

JEA. RN X BRI, FE o B — RS U, DU, D DU, D - -

BNz & A PIRRIR A, FTBL ANU,\ {2} # 2.

£ ANUL\ {z} FHEE—ANICE a, ARFH {a,}, W5 EWECT 2.

EAFERZ, XEHR T T EBuE R AR,

XFAEBREE « FITE U, mAREEM 2 X, 775 N, {3 Uy C U.

MBS, X+ 0> N, 7 U, c U, Nfixt+ n > Na, € U, B {a,} ST . O
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1.1 FFEFFE

B (X, 7) AmibEnE. Ba X hRIHESZRLE 7 PRIcR, T X FRAEERITE
g EEBORUETE A C X FTRLEIFRI. FIR . RIJT S A B EE AT SCASHT Y.

EX 1.3. —ANEREARARMITE, 4o R EBIFF LA

filln, FEAEF RN e X SR TR XN T BB Taiserere, TR T HAZ I,
HATAIMRZE A7

Bl 1.4. AREEF

1.2 —M &G

1.3 EEZTEFFAENZIE
1.4 #Rid=EEHRASE
1.5 FM: ATESREE
1.6 IR

1.7 ARREZEAE
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2 HE. AR5EF
« WACY CX. Ay M Ay HHHAREMKR?

— B, HEA A X PEANME Y PRSI A BIRIR A, XL S SR ik
— AR, i A FIRIRE SR T X IR RAE A BIRRER A
w2 ARMARS, #e— D RMEESRIGRE (FHL LA Jpa!

w Agxl BIRIHER R THZZRKKIEDE Y M EARASE A M.
— 2 EFTIR Ay C Ax, Ax NY = Ay.
2.1 FTEWHE
2.2 HBEMR
2.3 EMBRENFHFE
B {Ao} R—IETHE ML A, | Ao il

4. cJ A4

— it | AL # Ao B, 2 R b, 96 | T # U () RS RN HRZ0%ES
«a « reQ reQ

{r} 7€ R BB FFIXIE B X ARERATIIN LR @ LU “ AR IF = FFRa” X AS5Hek.

EN 2.1, X PeFEAR (A} AN BIA R BHEE v X, BEFE U, 043 2 €U, #

B ANU, 40 RABAREA a R 2.

il 2.2, R o R BIA R FE, KA

SE. BATH R ER R ERT, | Ac |J A

Acdf Acot

FIUBAUER = € | ) A BRHAWRKE X, /£ o — P8 U, 8 U, 5 o« Tk
Acod

BRAS A MBS AR, KX e A efE Ay, Ay IBATRAT—ER

reEAU---UA, C U A,
Acod

w U\ AR e A5 ) A RIS, 8. 0
=1

Acd
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2.4 HAASZIEZEE
2.5 FEHAIB
2.6 AFSHEAIXHE
2.7 AEEIMER
2.8 WEESTLPESE
M AR ATAER, FATREHE E

EX 2.3. % A AIEN X 49T %,

(1) #r A &2 X FRAFLR A=X.

(2) A A X PRARAENE A=0

o KU A RIAFHHAMNIE A° T EH R,
A=X = A =g+ (A) =0

HAE, 24 A RITERI, A RHISE,A° = Ae, B A IR MRS T A° 100

2.9 KEWBF

AT RGOS RS, TATH AT LU LES L.
EX 2.4 (L), £6 AcC X HARZLH 0A:=A\A.

VERE BRI 2.13,0A = A\A = AN (A)° = AnAc. ditrtaid 2.7, 414
R 2.5. 1 €0A S HRENEE ¢ FAR U UNA#AD L UNA+ 2.

FEIE. BR L ZFRMTAE X PBALZH X = AUJAUA"

EEWIL TR —NRAEE, IR AR S BRI A B RIL A AT R AR Hetn, 25
1R RSB, A Q = {(2,9)[2% + y* <1} MLFR G, ik 6 A LAE R
M4, A RBL TR EAR LS. RH BRI A R 72 mEh, B4 BR 0L R 2T
2.10 BFHMR

FAVH 2 b A ] A S B8 SR TR A
W8 2.6. ik (X, 7) R4 M ACX RFE, HL

(1) 0A ZH%£.
(2) DA = DA°.
(3) OA C DA, HA C HA.

(4) 00A C DA.
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(5) 00A = 0A B HANE OA RAAE.

(6) 45 5148,000A = 0DA.

(7) %% A RFESAE, AL 0A = . Fr Al B A BT AR Z 0A RAAAE.
EB.

(1) BEAERMAHSE AT A 24,

(2) 0A = AN A7, EAHHRIESA,

(4) fEHL & € DOA. I = ¢ DA, T X BAAZHHE X = AUGAUA x WIETF4E A sif4 A°
X E5AE « EEHES 0A HEZEZTE.

2.11 #hRfP=ERSERE: AR

FAHE Lecd FHHERIFTAAX LA BALREMS PR 5 07 hdhim). FsL b, A2 T2
SRR TR 8 7 TANESH, BATEX G AE 2 S M. B ilhid, WATH 20
FiAh s AR IE R A2 (R Y Vg !

EX 2.7 (Category). —/ANiL% C &1 F 7|35 4K :
(1) —% Ob(C), £ T F#MAR A £
(2) —% Mor(C), AT FHFAM F M4, HE

o BABH fAH-ARNTE X € Ob(C) =AM E Y € Ob(C). WM f: X =Y, %4
“FRARX BY 89—ABH” K X B Y 8923 EHH Mor(X,Y).
EH XY 55350 gV 5 Z AR NEH gof: X > Z, HE
(a) (ZHHE) WwRA [ X =Y, g:Y > Z A h:Z W, 24 ho(gof)=(hog)of.
(b) (#4z) *f4£& X € Ob(C), AABFEMN Idx : X - X HAMNEESH f:Z2 - X

Faesit g: X =Y, mZ Idyof = f,goldy = g.
5 2.8.
(1) 4&iF= H5E% TOP,

« Ob(TOP) = Fif 54721,



CHAPTER 5. 589z F: R E&. &, AxRFLR
o BRI R 1 218 69 i Lk 4t
(2) ®EZEE% VECT,
« Ob(VECT) = FiA @& =M,
o BAtA R EE A Z A 6 K B
(3) #iL"% GROUP,
« Ob(GROUP) = Fi #,
o« SHAHRL.
(4) 4678 SET,

« Ob(SET) = Fih 4.
o BHAKXFZ.

(5) —MBAbER (X, T) 1A — e,

. Ob(SET) =X WHAF &
o BHAGABS.
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3 PSet04-1

(1)[Continuity for (A1) space]
Let X be an (A1) space, Y be any topological space. Prove: A map f: X — Y is continuous at xz if
and only if it is sequentially continuous at z,i.e. for any sequence z,, — zq, we have f(z,) — f(zq).
JEAH.

o ESMEEFAIES: FIROA S .

o FFHIESAEES:. BB f ARESMU, WAFE f(xo) BIAR N, 43 fH(N) B 2o K46
. B X 2N, BTA xo A PTESRIEE (N0} BIA fHN) AN @ HORRIR, FT LA
FEAE 2 € NO\STHIN). W {an } WEBIE o, 1B f(2) ASRE] f(20), F)E!

(2)[Closure and interior in product space]

Consider the box topology and the product topology on H X,

[e3%

(a) with respect to which topology, do we always have H A, = HTJ

(b) with respect to which topology, do we always have Int(H Ay) = H Int(A,)?

[

TE B
() A RN AL
+ T a0 € TT A0 690 (ao) € TTAus 690 (20) HOFF403, BRLGFH s AU

SR Uy © X5 5 Ap 28, W Uy x [ Xo 2 () 035 [T 4. st 4o, 7
a#fB

e TI7: © []Aa- 1B (20) € [ An, BEM SR RAERA Uy # Xa 0TFA0H

[0 A [JUN]]Ac # 2, W a,Ua N Aa # &, EREA 24 € A

% oy B IRUE IS A EAZ 2 m] N A TR R A T .
(b) ZEEANFAIH AL, AL, WTET ZA X, THERTRAL 2T 4.
G AE SO A I AT RO
o Int( HA CHInt(A ) AL (2) EInt(HA ), FEHE (za) HITFARIR HU cHAa,
J”JXTE% a B €U, C Ay, Bl (z,) € HInt
o [ Mnt(Aqs) € nt( HA ). AW (za) € HInt ), MER o, FA1E Uy 53 20 € Uy C

[e3

Ao, W (z,) € HUa c [ A4a. B (za) € Int(H Au).
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(3)[Characterize continuity via interior]

In class we proved that a map f : X — Y between two topological spaces is continuous if and

only if f(A) C f(A) holds for any A C X.Apply the idea of ”open-closed“ duality, write down the

corresponding characterization of continuity of f via the interior operation, and then prove it.
W31 [ X oY ZELEAREMEZ BeY R f'(Int B) C Int f1(B).
TEBA.

o W f #ELLInt B &I, Kk f(Int B) & X I, FHEET 4B), KA Int f~1(B)
ET YB) FRIsKRITHE, ik f'(Int B) € Int f~1(B).

o BE f OB ATFUEFFEMEGRIE. A B £ Y PIHE B4 f(IntB) = f1(B) C
Int f~1(B). \ifi f~'(B) =Int f~1(B) =IF4.

(4)[Closedness of the derived set]
(a) Consider a set X = {a,b, c} of three elements. Let
T ={@,{a},{b,c},{a,b,c}}.
(i) Check:.7 is a topology on X.
(ii) Denote A = {b}. Find A" and (A")". Is A" closed?
(b) Let (X,d) be a metric space. Prove: For any A C X, the derived set A" is closed.
(¢) For a general topological space (X, .7),

(i) Prove: If A C X is closed, then A’ is closed.
(ii) For any subset A C X prove: (A" Cc AUA".

(a) (i) o 9,{a,b,c} e T.
{a}U{b,c} ={a,b,c} € 7.
e {a}n{bc}=0€ 7.
(i) A" = {c},(A") = {b}. A" ARHE.

(b) ¥ ae (A, 71 {x,} 1815 x, € A'NB(a, %). St @, AFHE {20} 1513 24, € ANB(a4, %), i

B k) FAKMR - < min {d<a,xi>, 1} WA B {20} B2 0 < d(a, 2, p0) <
2 Bt a e A T (AY C A, T A RIS

() (i) FA A REHI, FTUL A" C A, I (A) C A, Ml A REI.
(i) AUA' =A=A=AUA =AUA =AUA U(AY, \ifi (A') c AUA.
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2 RS SN

1 Fhib=EIRI ST

1.1 RHEREXSHITF
BATAK T i ) — L2532 SO
EX 1.1, % (X, T7) w5 H,ACX 2T%.
o Rk U ={U) #AME A 9K EIR AU

o BE U WAMNEAMRE ERCARA R,
o BE U BMEFEEZLRENLE U, AT,
o BE YV MMM U NTEEWR YV CU.
o BE YV MMM U R EE VeV, BEUCU 13V CU.
EX 1.2, % (X, T) A4z,
(1) B X RE R X WEEFEE % ={U,) AARTEE.
(2) BAVR X RFF) G094 RAEZE R T 21,29, € X HEFI| 2,00y, — 70 € X.
(3) &AM X RMREER QLRI ETALRTE SCX,5#£0.
HFHEACX RE/FIVE /MR EEN, wRIKT A TERABANTCAE 575 IR T8,

1.2 ZayBlF
B 1.3. AR XZR R &, ARAYEMRE RS BREF7 %Y LAY MR EE.
Bl 1.4. & X = (N, Tgiscrere) X (N, Tiriviar)-
o« R¥: KU, ={n}eN. M2 (U, RFZEEHARTEE.
o« REF%: BF {z, = (n,1)} EHIKETF).
o« MMEYR: FELE HHEE S, &MA S # 2. BAE (mg,no) €S HH ny #ng, ;2

(mo,nl) c {(mo,no)}/ C S/.
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1.3 BMEMZEXR

AFER IR R R AR R 5 A

R 1.5. X X AEFsA 0.

(1) =R X RFEEY, A2 C LR EE 6.

(2) W X RFFVE0, IACELRAMIR S ER.
TEHA.

(1) # X REM,S C X RIEE T

W S WAHWRA. B S ZHERN S =2 CS.

WAEE M ae S, AN ad¢g S, FHEITE U, € X f#18 SNU, = {a}.

68

k
Mo {5 Uae S} & X W—MIFEE. HEM, 7 a1, o € S W X =5 U U,

MG S =S X ={ar,-- ,ar} RAIE.

(2) A& FAEF IR P IIIR AR IR 5. 1T S 2 TEREE, FrREdt t — A P E A E = s R AT

HIBATERIR, Prele 5 HI Al e e i 2 AR 781, AT i e 510 S P A7 B PR A

Fid. RAENEE 3

1. BRIk A5

2. T RERM, B, FIE. MR EELFMNY.

1.4 BT HAERE XM

I TR S PSR 2 18] (R 1, BRATTREAS i BT S (0 %8 SCHE AL R fi B PR AR (0 2540 58 X

k
o X =|JUa U W = FHE Uy, X = U,

i=1

k
o @=)Fa,Fo W = 171E Fo, . @ = (| Fa,.

i=1

k
o WHERHMIR {Fa,, -+, Fa,} BOL (| Fa, # 2= | Fa # 2.

i=1

TRBAE 2

[e3%

WAl 1.6 (BYEMIMAEZIE). it wE X RN ARECHLATIMR, R F ={F,} —%

AR EFEEA PR

F,Nn---NF, #@,

M2 (\Fa# 2.
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YE R, TAE R
#iL 1.7 (MEETH). X X 2%, A1

XD>OF DF, D

AIETHEEFT, ﬂF £ &,

1.5 EidEFEZIEZ N
o BNER “HERT AEEE, T MIEAHE L A AR G A RN
A BE 78 25 SR I B P AN A NI 1A
W 1.8 Ik BA (X, 7) Mk Ha X REMLSERS X WESEAFEUCBHEARTEE.

= F L.

= ®V R X NHES SMEEse X, #FIEU, e BMV, eV fiff 2 €Ux CV,.

A {Us|r € X} & X WEEE S, F1E Uy, Us, 88 X = U, c V2, BE. O
=1 =1

H AR 2% R XA A e 3 2

FIH 1.9 (Alexander FHEFH). X S A (X,.7) 0FA 2 X ARMHYEARY X (L ETF A
BEUCSHAARTEE.

RNIVFIRE, & IIE I ZE N XS 22 O HLSERR b iz @l s T £ A 2 !
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2 EMadar

2.1 B v.s. ELRREG
2.2 FERRE
2.3 RX=ZEMITFEE
2.4 % v.s. Hausdorff
EX 2.1, 8 ACX AT,
(1)
(2)
(3) NMNEEVHRAUNTEEWRYVCU

Fid. FREAEYV PAELR U PLE.
BEW Rt hotmin RIEE U BE—A

EX 2.2, #4#F (X,.T)
(1) B89 REEFERAARTEE
(2) A3 % RAEATF FIHRAOICSLT 7
(3) MM EEWRAT EENGE S £ 0

Fig. AR A C X REW/FIVE /MR EE G4 RCAET 2B T AR /57 %6 AR
R )

5 2.3. R" ARMEFHTEEFNT I E SN TR ELE M
15]-' 2.4. (X, c%:ofinite); '%‘é’]

. WX B, X =0, #ZifE | X AR
R ze X inX', 7L U, 113 (U, —{z}) N X =2
BTl U, T4
U {a} R—MITEH.

zeU

WX RFHIEM, O
k
X c | JUa #Eth X c | U,
«a =1
@:ﬂFa

R 2.5. % f xa*‘/\ BuAr. R A REH, IRACHBELEE. R A RFIVEE, A
U R R P B
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3 PSet04-2

(3)[Countably compact]
A topological space X is called countably compact if every countable open covering of X has a finite

subcovering.
(a) Prove: Closed subspace of a countably compact space is countably compact.
(b) Prove: Any countably compact space is limit point compact.

(¢) Prove: Any countably compact space if and only if it has the nested sequence property: for

any nested sequence of non-empty closed sets F} D F5 D ---, we have ﬂ F, # o.

n=1

(d)
()
TR

() ¥ K C X RS, (B K WAEOrEE | U ke U | U, R X BATEOTEE. i X T
n=1 n=1

B, AR T ER K°U U U, B2 K WERTEZ, T KNK® =g, Frbh U U, i
K WEIRITE S, WT K R BRh, =

(4)[One point compactification]
Given any topological space (X,.7), we say a compact topological space Y is a compactification
of X if there exists a homeomorphism f: X — f(X) C Y such that f(X) =Y.

(a) Prove: both S' and [0, 1] are compactifications of R.

(b) For any non-compact topolotical space (X, 7), define a topology -7 * on the set X* = X U{oo}
T* = ‘?U {X"} U {K°U{oo}|K C X is closed and compact} .
Prove: 7" is a topology on X*, and (X*, 7*) is a compactification of (X, 7).
(¢) Prove: the one-point compactification of N is homeomorphic to {0} U {711|n € N}.

TR
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(a) o BRARHE.

e f =arctanx.

g, X*e T,

- UK u{oo} = (ﬂKQ> U {oo}

T ISR R AR AR, RN TR R, IRl () K. BER MR R,

(b)

DRI 2 5 X (ﬂm) U{oo} € T

- IR Uec ZUUK U{x}=(U*NK) U{oo} €T
— AV EW% S P LSO, TE T TR e A .
=1 =1
—UN(KEU{ccl) =UNK €T
— S50 B E —E JUE L, FTA T X IR AT S .
o I8 X B X WHEABRA, BRARLF .

y ]- P I = —
(c) EX ¢p:nr— 00 0. 25 5 BAIE e A2 [FAE.

i B R {0 U {le|n e N} TF SR AT A BET TS {i} 18 RIF S, LT

Sl {0} TR, FAERAE 0 IR AL aE LH L %
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EEZE PR E M

1 EEZEphirEEMIERINEE

1.1 EEFTEW—LRFMER
. BT
- FC X 2WELHCYEEE AT

« JPA R
C O HPATR AR X AR, XA G SGRARFEIE . AT S # AT A
C AT AT A A C X FPIVERR, BATH NS T AR

- AETF AR AN R SO, BEEIRE XA IR — e A T A
S “F C X 2RSS M EEEEIE R IIRIR” s, aTRE X i
WS ! PemEts !
- AFHIAR TR IR A AR 2 R I FLIE ] 1) HausdorfF ! vHEAf M i 2 F 2080 41 AR B
ME—1
— B FAD A A7 (R B IE S HAN Y 7 51 1E 2L,
o Hausdorff.
— FEEA A ) R AR PR AR
s« RET L AR A AR
— WS AR R i —
o IEHL.
w (X, d) —NMEEDN, X EMERHR I, Sk
B = {B(SE‘,T)|SE’ € X,reRs0}.
AR, AR AR AN R, R RS A V2 R -
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(1) AEEE R RHEGE S — T8, FOAHER Mz € X, AF/E— T E 4R
B, = {B(x,r)|7" € Q>0} .
YEJ9HERR, FRATH
o FC X ZMELAMNEHEOEEHHRFINRR. Feulth, ERFIENESE X T2
P ).
o BRI £ X =Y RIESNY BICEE R AESN.

d(z,y)

(2) EEEREZAZ Hausdorff {1, FUNKN TAER v £y € X, WRFATHL 6 = >

>0, M4

B(z,6) N B(y,d) = @.
TEuHER, JATA
o JEEAS(E] PR AR M.
o FinH, AR {o} M.
o JEEA A PR RECSUT SIARER ME—.

(3) F b, R, BATAFEAEA F A8 B R, R AR S A
EMTFEES BTk ARHEE B2 H Y Urysohn 513, ST X HEE AL A # B, &
IR FRBN — N IELEGS f - X — [0,1] 15 f £ A EHUEDN 1, /£ B _EBUEDY 0. 495852, A
i%%f”«ﬂm%»ﬁf*«;+m»%W%AﬁnBﬁ%ﬁ%JXﬁ%%%ﬁEWKWEM
I 21 i SRR R4 7T

Fig. XITRAEF AMNERFT XA —LIEIE T, tode: Bh, $ 7 T40M, EilH. XRMF X
B AR R A AR 2 E O A i R
1.2 EETFENEEEA: AAM
FERTHRATE LT EETE (X, d) THTE A NER
diam(A) = sup {d(z, y)’m, yeA}.

PATEE BB FHEA R B MEE: WRIRGEER M EN R E, BRiak
EA, BE-DAFESRERES. B, BHEE

W 1.1, HEARESEIRR F LT E T % H.

TE B O
NI

Rl 1.2, & (X,d) PORE/FIEEAARRNE, FLINHRAAEZBAFMNEE R L.
FH S, B 5 4R B SRR A R AR

fl 1.3.



CHAPTER 7. B2 Payi 75

(1) (N7 ddiscrete) 795 (N7 ddiscrete) ‘:}j%ﬁﬁlﬂ%
d . d o
(3) ((Oal]adEuclidean) 7% ((07+Oo)adEucliean> *ﬁl]ﬁﬁ]ﬂ%

LERIE, A FHASEANRE IO 7E 5 2 18] o 20 i B ) A4 2 F

1.3 EETENEEERE: T2A M
o BRIAE, MARIIARA “BEAFMN7 , MEIIAN “EEERINENERETHAR .
o B EAERININEN R THA R RAKGRAER, X HEE XK “ 72 FE” EAH,
o FFm I R BVF A S Y.

FEAFAIRT s BB (1)(2) ZJ5, ek IEAsehs ERIRZERA S asm: JATREH —
ANRERE F e, (HIRATATREA RE A IRAS/INEREE 22 A .
S RGEX TR ], A e A A

W 1.4, W R (X, d) REGIEIEH, RLATRT LA R,

. B = TAHN{B(.e)|r e X} HHMTHES.
P = EAaA R BE X A f R, BEE e > 0 15 X TREAMREA - BRE &,
M 2 € X, BN X\B(z1,¢) # @, Wl x5, € X\B(x1,¢).
9T 2%, BRFH {2} HEE d(@n, 2m) > €,Yn #m. FTLL {2} BEHSCTH. TIE. O

1.4 EETEMEEEM: Lebesgue 5|

H—AAEEA R E RN PTER Lebesgue U513, % T BRI (A 3RA T C 4 W ix A~ 5] #.
BUERAN T e HE B R a3 (h):

WL 1.5. %R (X,d) RFEDNE0, RAMEE X OFBE U, B 6> 0MEFEE ACcX A
Zih A diam(A) <6, RELE U e U %13 ACU.
1.5 EETEMEEREE: T&EM
AN TR R AR A R R NSRS 1 . FRATT R
EX 1.6. E2ZE (X,d) ¥Y8F3] {z,} #HME Cauchy 7|deR3HEE e >0, HE N >0 %47
d(Tp,xm) <e, ¥ n,m>N.

EX 1.7, &M (X, d) AXE&Q R X F84EE Cauchy T AN,

1.6 FE: T
EX 1.8. &Mz gkEEm (X,d) AESEN (X,d) HZENWBEL—NEEHAN [: X =
X %4 f(X)=X.

MEIT %, IXFE 8 WEFRIE % 1 Lebesgue %t
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1.7 iEE: 5E&E = B3
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2 EE=TEPEZMHEMAFNE

21 EETEHHRRAE — FIE
RATELE BN TAE R 42 1],
¥ = MRAE < FAE.
BATE R — UG
Rl 2.1, T RERM, 53K FNTHRREY.

JEA . W BRI R S A R R S R ST .

W {z,} 2 (X, d) FRIFFS.

R A= {z,|n € N} RAMRE, WabSHEEHE {z,} A DEEFH, WA RET5.

MR A RTIRE, HRENE A # 2.

%8 2 BT IR, 1E58 —nl B E b, AR A2 i A TR AN R 7 SR, IR SRIX N1
FEAFAESS T AHE IR ? JEt. 551 {z,} 5EG A= {x.|n € N} RARBIXH. TATE
BT {x,} B—NRECFF, AUGE A R —NRESUFF. Rk, REE 2], N T ek
ITEER, FATIE 2 2 Hausdorff 1.

I @ € A, $i52 X, MIER k € N, RATH Blao, %) N (A\ {z0}) # @.

i, $§J:,B(xo,%) N (A\{zo}) —TMRE CHHABELRE? KRR T {z,} TRHEATT
%ET*’[‘%%RE‘@%@EEE&) . )

A, IR Bwo, )N(A{wo}) = {am,, oo+, }, WABMI N BRI < < min(d(zo, 2m,.)),
M B(zo, %) N(A\{zo}) = @, PJE (Lbr F27EH Hausdorff 14, fF4HAEMERT 551404 (T1)) .

BT Lk, BATREEHLE] ny < np < -+ (13 2, € By, %), BARZTIIMET 2. O

Xf LT A e IS A A e, ATt RE 845 21

R 2.2, & X R FH— T# A Hausdorff 49, AR A3FF X MR EEFHTHE.

2.2 WRELR — ZT2EBR + HxtH
S 2.3. BEEA (X,d) AAFENSLREEREELE AN R,

. W (X, d) s BAFRHN, % {z,.} 2 (X, d) #1750
B X Rt S, AT AT IR B 1 R TTERE 5 0E X
WTTAESR AT IR B 1R 42 By 63 T, = {n € N|z, € By} JREHE.
BAAEHIAE Y L (TR % X, 126 By (6 )y := {n € Lo, € By} REIE
BRI R, WBHKEIFO N 5 D Jy o oo WA T, R, I i) € B
d(zi,x;) < 7 WAER n; € J; 1 ny <ng < -+ A {zn,} & {x.} BITHIIFHZ Cauchy 1.
N (X, d) 5N, BT {2, } —RIEEA 2y € X, . O
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2.3 EEZTEPAREMENZIBNZFNE
W b BT P R R — e, JRAT14S
EIR 2.4 (HRETEFMEMNE). £EE=H (X,d) P, T3l “%H” ZFH6:
(1) A R%H.
(2) A RFF)E8.
(3) A RAMFEE .
(4) A RRAGRZLH R,

TR

2.4 Lebesgue ¥ 5|32 E 4 ERR
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3 PSet05-1

(1)[Completion of metric spaces]

Let X be a set, and (Y, dy) be metric spaces. Consider the space of bounded maps,
B(X,Y)={f:X —Y|f(X) is bounded in Y} .
(a) Prove: The supremum metric do(f, g) = sup {dy (f(z), g(z))|z € X} is a metric on B(X,Y).
(b) Prove: If Y is complete, so is (B(X,Y), d).
(a") Prove: The supremum metric d.(f, g) = sup {dy(f(x),g(m))‘x € X} is a metric on B(X,Y).
(b") Prove: If Y is complete, so is (B(X,Y), dw).
In what follows, suppose (X, dx) is a metric space, and take Y = R.

(¢) Fix a point zy € X. For any a € X,define a function f, : X — R via f,(x) := dx(z,a) —
dx(x,x). Prove:f, € B(X,R).

(d) Prove: the map
¢ (X,d) = (B(X,R),dw),a — fa
is an isometric embedding,i.e. dx(a,b) = doo(fa, fp) for any a,b € X.

(e) Prove: Any metric space (X,dx) admits a completion.

(f) Prove: If (Y1,dy) and (Ys,ds) are two completions of (X, dx), then (Yi,d;) and (Ys,ds) are

isometric.
TEH.

(a) dy (f(x),9(x)) < dy (f(x), f(20)) + dy (f(20), yo) + dy (yo, 9(20)) + dy (9(20), g(x)) < M

FEMRT z WM EHFRE] doo (f, 9) < M, B do(f,9) € R I doo 2 REFTE LH.
sup {dy (f(2), g(z))|z € X} = 0= f(z) = g(2).
o XFRMESEIR.

o i (Vody) PEEN=ANFNdy (f(2),9(2) < dy (f(2), h(z))+dy (h(2), 9(2)) < doo(f, h)+
deo(h, g), ZEMEL AR doo(f, 9) < doo(f5 h) + doo (s 9).

(b) FEHL (B(X,Y),ds) FHI—H Cauchy 5 {f.}. *HME— zo € X, HE Y HFFH {f.(20)},
YERE e > 0, BIA {f.} & Cauchy %I, JiLAfFfE N € N i3 TR n,m > N BOL
doo (fr(2), frn(x)) < &, WARFI N, n,m, AL dy (fo(20), fm(20)) < doo(ful), fm()) < e
I {fo(xo)} 22 Y W) Cauchy 41, tH Y (564, Cauchy SIAFLERRBR, FZ PR & SN f(20).
B S WAL AN T 8 SR f IER {f,} 7E B(X,Y) HHIRER.

O

(2)[From limit point compact to sequentially compact] In the proof of Proposition 2.1, we only used

the following two properties:
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(i) Every x € X has a descending countable neighborhood basis U D Uy D --- .
(ii) If zis a limit point of A, then every neighbourhood of x contains infinitely many points of A.

As a consequence, there are many other topological spaces in which limit point compact is equivalent

to sequentially compact:
(a) Prove Proposition 2.3.

(b) Prove that in Proposition 2.3, one can weaken the Hausdorff condition to the following (T1)
condition: For any = # y in X, there exists open sets U and V in X so that z € U\V and
y e V\U.

(¢c) The (T1) condition is equivalent to a sentence on page 1 of today’s notes. Find out it and

prove the equivalence.
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FeFA =S B HY 2 14

1 ARFERERME

1.1 EF5|3E

A RBA TR TR A 8] FISRAR A L. O TR IS B2 R SR B2 K1Y, JAN ™ 28 151 0. IR
POZEARE] a2 R AR 1 JEUUAEIE B P R

138 1.1 (ET75H). R ACX,BCY REM NCX XY RFHYH AxBCN, L2 hE X
PHAEU FY $HE V247
AxBcCcUxV CN.

FiE. R A B RENEHMEL R, £ RXR F, #MA
{0} xRC N ={(z,y)|lzyl <1},

BRI AEEFE UD{0} /4 UxRCN.

1.2 FRFEFRAZMH
{ENHEWR, AR T

AEﬁ

Rl 1.2, R ACX,BCY %8, R4 Ax B &LE.

1.3 Tychonoff EIE

EH 1.3 (Tychonoff). 4= R3HEE o, X, REH, B2 ([] Xar Forodue) LA K.
Wl 1.4. THENFINEZRGRERZF7]E .

1.4 B v.s. FHIE
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2 Tychonoff EIEHJIERA
2.1 Tychonoff EIEHIIERA

2.2 EFEAEMEMNFNENR

2.3 Alexander F& EIEAUERH

2.4 Tychonoff EE — EXFENIE
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3 Tychonoff EIERIN A

3.1 N 1: Bfye

3.2 NH 2:
3.3 KA 3:
4 PSet06-1

(1)[The Topology of the Cantor set]
(a) Prove:({0,1}", Tproduet) is homeomorphic to the Cantor set C' in R.
(b) Prove: Every point in the Cantor set is a limit point.

(¢) Prove:As a subset of [0, 1], the Cantor set is nowhere dense.

TEBA.
= (079 ay; Qg N
(a)f C%XJZT a0 a0 7/\E¥jan:05jz2.
23 (5:5)
o XU AR

WU ARER TN IER UNV.0) = {07, € {01} ray = o} BBURRIFLE,
Hob N € Noa = 0 5% L RBIE o = 1 HBHERIA BN, BABR N = 1 1
FUL) = @ g) M) RFHE. 25 N FHABE AT, 5 HEFTAHN 251 A
FEAR A, SRR N = 1 H0W, T R 0 R TEAE. .

o ({01}, Fiscrere) RARAEEM), B Tychonoff EH, ({0, 1}, Fproaue:) AR

o Hausdorff %[ R {7250 C tB/2& Hausdorff .

o B3] Hausdorff %S AURE FTE.

n=1 m=1 1

n—=

(c) BIAHEFLARIE, FILh C = C, MUERHESTEA 5.0 = () C,, 3o C, J 27 MRIDN
0PI 003, BB 5 0 0 AP A
O

(2)[Sequentially compactness for products]

(a) Let Xy,---, X, be sequentially compact topological spaces. Prove: the product space X =

X1 x .-+ x X, is sequentially compact.

(b) Is X =0, 1}N sequentially compact when equipped with the box topology Z.,? Prove your

claim.
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(c) Let Xy, -+, X,, - be sequentially compact topological spaces. Prove: when endowed with

the product topology, X = H X, is sequentially compact.

n=1

(d) Now suppose (X, d,) are compact metric spaces. Define a product metric on X = H X, via

n=1

oo

o dn (T Yn)
(). () =3 (1+ diam(X,)) - 2

n=1

Prove: The metric topology on X induced by d coincides with the product topology on X.
TE B

(a) RAA 7= 2 (AT, AL X SIEF) {(an,bo) by, HF X0 RIFFIEM, FTOL {0},
FUYCTI {an, )72, BB ao. 1T Xo RRFFFIEI, FTEL (b, )72, HUICTH) (b, |~
i

B bo. W { (@, b, >}°,°1 B {(an, b)), HONKEE] (ao, bo) HIMRELTHY, X AT AL S
i
(a0, bo) HOTFSE U LS V x W B8R, bt V RES ao TFEW REE by KITTE.

(b) (X, Thow) DREFIVEN. HHE N (X, Toow) = (X, Taiserete), MBI H—5E
LA A, LR B AR R TR AR R A RO R ST81).

(¢) AEBUFF {(an)}, FATATLALE T8 {(an1)} RTH—DEWEL FTRLEE {(an)} KT 51
{(an2)} RTEHE A RN ZXFEHEAT N ZFZEETF I {(an1)} D {(an2)} D {(ans)} .
{(am)} HUEEU « DICRAR TS {(ann)} W= e (X, %roduct) Hrs S (aon) Hd ag;
& {(an) } £ X; THIFFHITZIR. /\ﬁﬁwﬁﬁﬂﬁﬁi@/\ (aon) KITHITCE {(an,)} ARAEHNT

HIEE . HFOE (1) TR [ Un, S AT U, FRAS X, Fiblix
AR, -
(d) o EEHEINGE B, = {B((za),7)}.
TR By = {ﬁ U [HTIAU, = B(on ), ka%%‘ﬁ%an}.

n=1

b E‘ﬁE B((xn)ar) S <757"001110257 /fiﬁx (yn) S B((-Tn),T)’ gﬁEﬁE U S Bproduct /Tjﬁ\/?% (yn) €
U C B((zn),r). BT o' 13 (yu) € B((yn),r") € B((zn),7), FTEARHARTE
B((zy,),r) BUEAAAE U {18 (2,) € U C B((z,),7)-

HT o0 4N D ) < DR () € X L
n=N+

27 1r(1 + diam(X}))
N .

N o0
/%\ U= HBn(xnyrn) X H Xn7 I)_I‘U ('Z‘n) eUC B((l’n),'f’)

n=1 n=N+1

MHF1<n<N, %r,=

o« B Byroduer C T, H EZERUBIERT &L, RFEX (2,) € [[ Un € Boroduer, $3) r > 0 43

(@) € B((2n),7) € [ Un.

n=1
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W [[ U, TREERIA B, (2, r,), FTABNTA G 6] r AE 5354 »r 235 CE

n=1
. s RE B = =_= _ . d((xn)7(yn))
R RO SRR T, DR r = i {0

Hpy.

O
(3)[Interior of compact subsets]

(a) Let X, be a family of topological spaces such that X, is non-compact for infinitely many a’s.

Let K be a compact set in (H Xos Tproduet). Prove:K has no interior point.

[

(b) Consider the uniform metric on RY. In this space, is the closed unit ball compact? Can a

compact subset has any interior point?

(¢) A topological space (X,.7) is called locally compact if for any x € X, there exists a compact
set K, and an open set U, such that x € U, C K,.

Prove: The product (H Xos Tproauet) of a family of topological spaces is locally compact if

and only if there is a finite set of indices I’y such that

| compact for a ¢ Ay,
X, is
locally compact fora € Ag.

PEH.

(a) R K AN A =, IAAFEIFE U, (613 = € U, € K.U, B [[ U, i AEHRA U, A2
Xo, WAEEFSEA Xo FE, B [[ Ve PEEFHEA U, %QFE’%E’J Xo, NI Ug = X5 F
M X BRI V), KB T 5 PR Xp WP SIS K FJF A
{HV Vs €V, Vo = Xo, 00 # 5} (4= HX (PR s L AR K PG, B K 2
S, TVEA A R T A EXEHWHBE%?‘EiEP'/\ [V wsE—A4508, WA zeU, C K,
Pt LUK L5 — Aoy B i Xy A IR T8 a5, T )5, .

(b)

(c)

(4)[The existence of Banach limit]

Consider the vector space of all bounded sequences of real numbers,

X =1"= {(al,ag,...)}ai € R and sup|a,| < oo}.
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On X there is a naturally defined shift operator

T:X — X, {a1,az, -} — {as,a3, - }.
A mean on X is a linear map L : X — R such that

infa, < L({a,}) < supa,
holds for all {a,} € X. A Banach limit is a mean that is invariant under the shift operator T', i.e.
such that L({a,}) = L(T({a,})) holds for all {a,} € X.
1 m
(a) Define L,, : X - R by L,, : X - R by L,,({a,}) = — Zai. Prove: L,, is a mean for each
m
i=1
m, and lim |L,,(T({a,})) — Lm({an})| = 0.
m—r o0

(b) Let M be the set of all means on X. One can regard M as a subset of M(X,R) = R¥,
equipped with the product topology. Prove: M is compact.

(¢) Prove:There exists a Banach limit on X.
(d) What is the Banach limit of a convergent sequence? What is the Banach limit of {0, 1,0,1,0,--- }?
TE B
(a) o LEPEWLSH B,
e L({a,}) < max {a;} <supa,.

1<i<m

o [F¥ L({a,}) = infa,.

et (Lo (T({a}) - Lo({a))| = tim D =00 gy 20Paltn]_ g
(b)
(©
(@

5 Stone-Weierstrass EIE

6 —HAH

6.1 M(X,Y) EE=FhdR%H

WX RAEEES)Y REEFN. HEMH AR M(X,Y).
£ M(X,Y) ERATEET T =Fihdh:

(1) FRBUGIS, Bf T2:

product {'/T (BY Yz Tz ) |V£U € X,Vy, € Y,Vr, > 0} .
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(2) FEI0Ih, A%
Bbo:z: = {H (By(y:rvrx)) |Vyx S Y,V?"I > O} .

zeX
(3) PO Y s PRI, JATnl LUE S SE &

e (f(@),e(@)
dulf,9) 3= sup = T )

BATELAE PSetl-2-4-¢c HEF d, & M(X,Y) EH—ANEEFH £, —F0ESE f 4 HY
fn £ (M(X,Y),d,) "FUELH f.

ENX 6.1, d, £ M(X,Y) Lik$FaEEEAIRMAE M(X,Y) Lo —H a1l

JEIC. Ede & f14eid 69, iR 58 Sk 64 R — ). Ede PSet3-1-3(a), RAVT VAIEH: —
HA64l 55 T A 464k, 1252 TRAIB4. I, MEELFTES X AdE-F L Y, =ANEAIAA TR
Bl; € TAMRE X ZHRH.

FLT PSet5-1-1(b) 1 B(X,Y) MIZE &ML, &ATE

S 6.2. LY RELW. ML d, £ MX,Y) LWEE LS.

6.2 C(X,Y) EBI—%3Rh

BIZER S (X, 7) £ RN TATRATAT D6 M(X, Y) B L. T H, 3%
(TAT LU 92 7 SR LB 22 ) C(X, Y).

1EW PSet1-2-4(b), F&A1A
il 6.3. C(X,Y) & (M(X,Y),d,) 89T %.

A
AR, M, 3 Y RRAEZERNC(X,Y) £ (M(X,Y), Dproduct) F2 (M(X,Y), Thor) F Tl 2
EIESD

YERNHER,
HIL 6.4 R Y RE&EM, A (C(X,Y),d,) ARZEN.

Fig. XX AR A2 C(X,Y)CBX,Y). £ B(X,Y) LEMNA—-ANLHENEE do(f,g) =
sup |f(z) —g(x)|. ZHIERA f, XTF d, W& T f TEREY f, X T do KT f. #e1EH,d, &
rzeX

doo £ C(X,Y) LiFFHREMIEI. TS X REER, ZMNTAA do K% d, A ETHE.
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7 Stone-Weierstrass EIE

7.1 Weierstrass B EIE

7.2 C(X,R) fEASARHE

TS RINFEEH P2 — K Weierstrass 1817 & BEHE] 25 — M40 Fh 25 10). LEATT 1T 4R 50
SR IR HAb R, FRATE R E X &% Hausdorff %%[].

YR — R IAESR A S A R RATA A 2 TS, (HIRA VK IHBE A FRATT B FH AR X 8] S 1+
KB C(X,R) 1?2

7t Weierstrass 1@ & HAGEH, FAVEH 7 £ 2 A P[0, 1]). MR C([0,1],R) 2
—AMRELP([0,1]) & C([0,1],R) H—ANTFAREL
7.3 BIMEM: “RAEXT M ‘oBR
7.4 Stone-Weierstrass EIE, A 1

7E 1937 & M.Stone ¥ Weierstrass 1817 & FHE) 2 Hausdorff =5 [H].
EI 7.1 (% Hausdorff ZX[H] ] Stone-Weierstrass &2, A 1). & X #4EF% Hausdorff = ).
K ACCX,R) RAAHER LS H 56T K. 2 A £ CX,R) PHE.
7.5 Stone-Weierstrass EIE, A 2 F1iERA

EIE 7.2 (% Hausdorff Z¥[H 1] Stone-Weierstrass &2, A 2).

7.6 Stone-Weierstrass EIE, 7S 3

EIE 7.3 (& Hausdorff Z¥[H][f] Stone-Weierstrass &2, iitA 3).

7.7 E{EERHH Stone-Weierstrass EIE
7.8 —PNRKEYEIS: ANV EL
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8 PSet06-2

(1)[The uniform metric]
(a) Prove Proposition 1.3 and Proposition 1.4.

(b) Here is another proof of Proposition 1.4 for the special case Y = R, find out the advantage of
this proof.

TR

()

il 8.1. Suppose Y is complete. Then d, is a complete metric on M(X,Y).

PEH. AT (M(X,Y),d,) HH—H Cauchy ¥ {f.}, SHE—1 20 € X, HE Y FF75]
{FaCeo)}, RHERE 0 < & < I8 (£} J& Canchy 51, FiBAF(E N € N GAI TER n,m > N
FRSL. du(f(20), Fn(20)) < &, SHFE N, n,m, BOL dy (fu(@o), fn(z0)) < 1%6 < 2. I
{fu(z0)} 2 Y H1 Cauchy ¥, B Y M54, Cauchy FIAFIEMRIR, BZBRE SCN f(20).
TNEsZ XA T A SR f B2 {f,) £ M(X,Y) TR, XHER ¢ > 0, f#7F N, 15
TR n,m > N, BOL dy (fo(2), fm(2)) < 26, & m — oo, £33 dy (f.(2), f(z)) < 2¢, H

13
R du(f, 9) < 2, 134IF. O
FEEME,d,(f, 9) 1+2€< e, fHiE

@l 8.2. C(X,Y) is a closed subset of (M(X,Y),d,).

. AT C(X,Y) HHIST A {f,}, ZUEE IR f e C(X,Y), BIUEXS [ E 1) 20 € X, XT
EEM e > 0, 7778 X FIHEE U, HE 2 e U, ([BEEOL dy (f(x), f(xo)) < &. XFE—A ¢, F#1E
N., BB > N, WIS © € X, L dy (fa(z), f(2)) < % E—A n > N, BT f, &%

SRS, LA BT £ > 0, 777 U, € X, R ¢ € U, RS dy (f(2), f(20)) < g
RHX T 2 W2 2 € U, oL

dy(f(il'), f(ffo)) < dY(f(x)a fn(‘r» + dY(fn(‘T)a fn(x())) + dY(fn<x0)af(x0)) <e.

(b) BRI,

(2)[Applications of Stone-Weierstrass]

(a) Prove: Any continuous function on [0, 1] can be approximated uniformly by functions of the
form

ap + a1e” + axe” +---+a,e™, neN
As a consequence, prove if f is continuous function on [0, 1] satisfying
1
/ f(z)e"dx =0, n=0,1,2,---,
0

then f = 0. What if it holds for even n?
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(b) Prove: Any continuous functions on S' can be approximated uniformly by functions of the

form

a_np,e” "+ a,nHe_‘(”_l)’lc 4+t a_1e7% +ag+ae +---+a,e”™*,neN.

(c) Let X,Y be compact Hausdorff spaces. Prove: any f € C(X x Y,R) can be approximated

uniformly by functions of the form

(@) g (y) + fa(2)g2(y) + - + fu(®)gn(y), neN,
where f, € C(X,R), g € C(Y,R).
EBH .

(a) BARRE AL

FEARTFRELLf = e
o DERLf =" RS

(b) S' LSRR FR] WA 2 =M ek BuE I, M WChE 2 U LA R 2R 4

(©) « BRETIRE
. HEAREEHIAy - 1dy.

(3)[Stone-Weierstrass for complex-valued functions]

EIE 8.3. Let X be compact Hausdorff, and A C C(X,C) be a complex subalgebra which separates

points and vanishes at no point. Morever, assume A is self-adjoint, then A is dense in C(X,C).

. MR f € C(X,C), AMEHK f. 13 du(f, f.) < e. FIE ReA := {Reglgc A} ImA :=

{Imh|h € A}. #77E Reg € Re Af§#3 doc(Re g, Re f) < fs,ﬁﬁ Imh € Im A7 doo(Im A, Im f) <
V2

-5 KN A EHER, BTXET g,h € AReg,Imh € A. % f. = Reg +ilmh, fy8f5E. O

(4)[Functions vanishing at oo] Consider the set
Co(R,R) = {f € (R,R)|Ve > 0,3r >0 s.t. |f(z)| <efor|a]>r}.
Note that Co(R,R) C B(R,R) and thus d., is a metric on it.
(a) Prove: Cyp(R,R) is an algebra.

(b) Let A C Co(R,R) be a subalgebra that vanishes at no point and separates points.Use Theorem
2.11 to prove: A is dense in Cy(R, R).

TR
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(a) o W f1, 2 €Co(R,R), HBI& [ = fi + fo. WTAEEW 26 >0, Bl r = ri(e) + ra(e).
o W fi €CR,R)NER, HE f= N1 X TEEM [Me >0, BUr =r(e).
e (it fo) g=f-g+ Ly
o (Mfi) - (Aaf2) = (MA2)(z - y).

(b) B A # Co(R,R), AT fo € Co(R,R), FE1E € > 0, MEMMERE g € Adw(fo,9) > %
JE Co(X,R) = {flx|f € Co(R,R)}, Hrf X & R 4. HIRHEE Ax = {g|x|gc A} C
Co(X,R).Co(X,R) FAKEE dxoo(f,9) = skl(pdy(f(x),g(x)). BRIA dx oo(folx,glx) = e B
Ax 1E Co(X,R) HAFE, ket 2.11, F/JE.

O

9 Arzela-Ascoli EIE

9.1 C(X,Y) LBIAEARED
o HTATRE M(X,Y) ERFIERSEa S, RATHEZR Y 2230,
o HMIATKIE M(X,Y) BTFEHE C(X,Y), ATFEER X A Y #2302 0.
o Te. C Tee. C Te-
o Tue WEE, R (M(X,Y), Z,..) & (A1) 1.
o 4 Xo-B, T, BRATERLK.

o WF Ty M T C(X,Y) #EA “UEIARFIIRR" ZXHERREFHPER, ERAH A E
WIS T RATA RERT 5 C(X,Y) ZHIH.

o B RIS, BRI,

%.c‘ B(fa'rla"'7€)
T | BUK2) = {ol sty (). 9(0) <2}
T.c. B(f,X,e)

9.2 = NMAIMIRS

W X SERINEN (Y, d) REESN. E—mrhRATEE W2 B 20 LR =AM T, e Taniforms 9
AR ERTE C(X,Y) R 51 st

B 9.1. /& X =Y =R 818, R4
(1)
(2)
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9.2 (X =Y =R). f,(2):e" &3] f(2)= { o
0,z#0
EAERIR, BRSO R, e B 78, (R R SR AL
2

xT

B 9.3. ful(e) = T f(w) = 0, 12— Sl Ao i 4641 T Tolcsk.

RAEURER, —BURIMGE, A7 MR, (EAS

A EHLE D C(X,Y) LSBT “IRREUTH7 XA P A EIL, 1
“OF RSB RIS i A, AT E AR A C(XLY) B3 T Tuniform, 1HIELE
RN BAE XA AT SO AU SRR FRAK TH R L 1.

TEE:

o BWZHST S
o WPRALTELF

9.3 BUsEAD
Z FlfEE — MRk, BATRE TR M(X,Y) Bf#R “TERASE LIRS 4. -

MR B —: & X B— MR TEL(Y,d) 2—NMEETE. N TAEEREE K X fEE ¢ >0, &
fi1ie

B(f: K.c) = {g € MUX.Y) sup d(1(2).9(2)) < } .
51IE 9.4.

B= {B(f, K, €)|f e M(X,Y),K C X compact,e > 0}
R, MRAE ARG A Bl AL, W T fn B M(X)Y), Toe) FACSRE] f S HARY
fo 2 X 9HNEE E—HOKEL.

TR

o BHIE B, REIGUFRME —ANFKMF, WHMEE g € B(f1, K1,61) N B(fy, Ka, €), IAALFLE
BE Ko il gg > 0 f#i45 B(g, k’ow‘:‘o) C B(f17K1751) mB(f27K275)~

B Ky = K1 UK, B ey = min(e; — supdy (fi(z), g(z)),e2 — S;de(fz(ﬂﬂ)vg(iU)))

K1

o fo— fofE T, WF,MER e, K f7E N, {£% n > B {18 f, € B(fy, K,¢), Bt RIEE €
fE8 Ksupdy (fu(z), fo(z)) < e, HHLRUIMER K,{f.} /£ K E—38L.
K

EIR. R ACX REETE. B 5 BiEfkF pgt
ra: MX,)Y) = M(AY), [~ f|,

XTAZABA Ty, Tecs Tue. FRRZELE RS,
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9.4 ZEEpZTE

B B FRATE AT R £, € C(X,Y),fo — fo £ Toe IR, M fo REHEES. LHIN
F R FAF!

METFEMRGRIFE. (V) BIFE, BATA (V)N K 2 K FIF4E, SHMER K 2545
EMX 9.5, M X REAMRE, m R e 2 Lty Ki.

WIRAE LIRS, BATATLCRE “TF7 # oy “H” .

EIE. B AP AP 211 AR 27X REARMGE ARY X AR FEGIEIF. Lt 2
BT HNBEH 1 K — X 8RR 4].

Wi B, B4 2

Q

Wl 9.6. R X REAMR,f, € C(X,Y) B f, = fo £ T.. 9FLTIKE fy, A4
(X,Y).

fo €

EIMEE RN R R AR, S5 b, AR SIS A N X R A, i,

o FTAE - RIECIE, AT ETA A 1)
o T SRR A )

o i CW B (AR I — SR E 3=

72 [E])
AR KA. R IFRATE AN A I S R T
5l 9.7 (A

EAR). (M(R,R), 7)) T2 % AR,

IEH . JEIE—MES, ARE, (HRREN BRI HLE.
A n,x ¢S

2 A, =1 fEMRR)FS| <n st. flz) =

0,z €S
ny
n=1

« A=Al J{o}
—0e A
—Vfe A\A
« Imf ¢ NU{0}
« ANK £ K WA
~0¢ K
~0eK

FEAE— AP L AR E SGE AT IR
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9.5 BHEE Hausdorff 58]
AR AT 21— S B ) R b 25 ().

EX 9.8, AMABIZM X R BG4 RIEESR v € X H— AR, BELE—NFR U A
—NEE K#EFreUCK.

WAL 9.9. % X & Hausdorff 89, W X BAE L ARLEE v e X FETAR U HL U %0,
S 9.10. L ACB B B ARG, M A LTRAE.

L 9.11. AL F BT E AR A h.

0,
=

JER. WX RBEMEN. X Ac X HFH ANK # K hWRIFEMEERSE K c X oL
BUIE A RIFEE, Bl 2z € A. th X Z2REMEMN, FEFE U M K 15 2 €U C K.
s ANK & K HIIFE, BIFE X PIFE V i ANK =V NK.
M ANU =VNU & X FHIFE, 1 xe AnNU C A, Hik A B4, O

IR NS, RS2 W2 Hausdorff . AT —ANREHE Hausdorff 258y LCH
20, EATE M R T EER A Bl R ERSEONTRERSHE B LCH L. FRATREHSIE
Q,, BIFE p-adic JEE FHEAL, & LCH 1. Bt LCH EM{E p-adic e A H.

N £ LCH ZEHAEE LCH 22 | f411.

i 9.12.
o &Y% Hausdorff 218 % LCH #9.
e R" & LCH #. £ —#, A47 53 B LEF Hausdorff = A2 LCH #9.
« QCR RABFE.

- 1’&%2 Q 7%}‘%%[& '%éﬁy EEHX S Q’ /ﬁ—/& (Q7 %ubspace) ‘:Pﬂ:/?\l:i"& U ’%ij\:/ﬁ- (Qa zubspace>
FeH O U £ (Q, Taubspace) T R E. AL (a,0) 1£4F 2 € (a,0)NQ C U, T a,b A £

ﬁiﬂ—#{ }l'\ll] (a, b) N Q - [a, b] m@ = (a; b) ﬁ@ 795 (Q7 Zubspace) EP lfl%%%; i] (Q; zubspace)
ABERWE, TAEBRENTHFINENE, 2 (a,b)NQ BALRFIE!

® (R, %orgenfrey) 227%}%%12 '% él]

— MBE (R, Tsorgenfrey) ZAIEM, LR x € R, B [a,b) %% K 1£1% x € [a,b) C K.
12 [a,b) ARG, ARG, T/E!
AR 75 2T A A, UE B B AESR ST
WA 9.13. R X RICHWKCX REFUCX ARFELKCU. NLABEFEV EFV £
% A
KcvcVvcU.
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9.6 ZEFFRTH

BT AN S WA 4123 T) 1) 2 2 TR R R A 58 SR 8 2 1 BRI A MR & HET O M(XLY)
ER AR, Hh X MY #EHINER (R BRI, ERSRA—FET) .

EMX 9.14. % XY Rzl ¥ THEZEE KCX #FEVCY,
S(K,V)={feMX,)Y) | f(K)CV}.

M(X,)Y) LdF 4
Seo. ={S(K,V) | KCXRER VCYRFE}

AR IEA T, WA R I 4BAL.

FiE. RAX TR Y ZATZARFX, AIABMN T RIEN LR —m k.
TATRKD C(X,)Y) B T, BONBELAERA T2 RA .

B 9.15. 4o R AMBR X RESE {«}, M2EM (C({+},Y), Too) RIETFZH Y A 4.

SR, AN R Y REREN, A Ty = T B, T, THRMT Y Leodait $4H
REWRR. R X REWH, K2 T, RHHATY LI S0EF0HHR,

Jesi b RE AR (a] R, AR R A FOC T R IR AME R AL
Rl 9.16. X X,Y 4= Z R4 2 0, £F Y BHIHE Hausdorff. AR 4 24 w4t
0:C(X,Y)xC(Y,Z2) - C(X,Z), (f,9)—gof
Xx TRt T, RESN.
HEIL 9.17. w0 X & LCH, AL 4

X xC(X,)Y)=Y, (z,f) — f(z)
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10 Arzela-Ascoli EIE

10.1 Arzela-Ascoli EIf, ZEkRA

Y5 5E A1), BE il — R, SR ) ML R R FATRES R B AN (—
B Uk B 5 — A H?

filtn, fE53 4, 4 TR PDE 8042 75 o] @ R g (R AEAE P, FRATTRE Se At — 51 s HOa oK .
RIATREUENIXZ IR A — AT HIUEE— MR IF I R 8, A — il — 2655 7y, FRA15RE
5 15 B AR PR e AR . X AR T BORAE “ BRBMERIE” . PAT IR I B B vk i e
T HZ —7/& Arezla-Ascoli .

PREESI BT ERFE A LB Arzela-Ascoli 52 H ) F AT RRAS 2

EIE 10.1 (Arzela-Ascoli, ZHIRA). A 7] {f.} € C([0,1],R) A—MéT 7% AR L —KAR
Fo % R k4
10.2 HFEEL

EHZ &% F c C([0,1], R) BRRAE

o —EAFWMBPAALE M > 0 FRNMERE 2 € 0,1 AUER f € F, BOL | fa(z)] < M.

o FRESWRIMER xo € [0,1] FUER € > 0, f77E 6 > 0 RN PTA « € [0, 1] WL |[z—x0| < 6
FFTE feF MOL | f(z) — f(zo)| <e.

ANHEG H XA 25 A A A 0 B «

(1) FH fo(z) = n RERESHEE LGRS T IR EAR B0 71, REFHI PR
B2 R A

(2) FF fulw) = 2" 76 0,1] ER—Ech RIALE C([0,1],R) A DA IIB AL 1 4
RSB, FE I B RE N B ECEE 1 A R,

GRS NIMS A S BMER BIMMER AN SR X BMEE RS Y U

EX 10.2. % (V,d) REERE,X RIBIZH. X FCCX,Y) ATFE. &MKF Lz RAFE
HL, e R R e > 0, BAE xg WITARB U, HER 2 e U, H& f € F, sz d(f(z), f(z0)) <e.
B F RFEEGEN IR CAEEE R v e X REFEELY.

FRBFEESL R —ANEEM.: BT Y BNER. S EEEESR (C(X,Y),d,) 75
S SR RHE

R 10.3. % (V,d) REEER,F R CX,)Y) PHZALAHRE. A F REKESY.
TEBH. O
BAVHITE C(X,Y) KT T, AWM. B, WF—ANEIELNR F C C(X,Y), BIE

Rl 10.4. X FCCX,Y). L K & F £ (M(X,Y), Z,.) A6, R4 K CRFFEEL, 4
B3 K C C(X,Y).
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IER. MR o € X Fl e > 0, FATEHLE] o HI—DITIR U 1157

d(g(z),g(zg)) <e, VxeUVgeK.
B F IS EEESEE, JATRERE] 2o M— NP U 175

d(f(x), f(xo)) <

PRELAETE AT A RATREIE K HSEEIESNE, BN g e K B F R, fE8 s lSda 4T, HHany
RiE? ERERMIEEERA S, faE—1 &, \TUE—A f e F EXHRDNAM g MEEARED
e.f R, AT H 2@ = AAERKEE g(x) 5 g(xo) BRRILE. FrUAB AR A FR © %
BUTAFER f BB R,

MR ge K,z €U, id

. VYo eUVfeF.

Wl ™

V= {h = Y¥|d(h(x), g(x)) < % d(h(zo), 9(x0)) < g
=, ((g(x) - %79(33) + §)> mﬂgol ((9(1’0) - ;g(ato) + g)) .

WAV 2 g fE (MX,Y),T,.) PRI N ge K H K & F £ (M(X,Y),Z,.) PR
B, L VNF # o B f e VN F, TAEE

d(g(x), g(x0)) < d(g(x), f(2)) + d(f (), f(z0)) + d(f(x0), 9(x0)) <e.
RFERUEY T K RIS EESE. O

10.3 Arzela-Ascoli B, —AZhRA

PAVHE F e F RIEER A 20 W8 s, RERATUAME F HRiifE C(X,Y) #.
G, AT E F RRASEFHFREEE (C(X,Y), Tee) B DR TES RS EE - Ssun
A Fe)

EX 10.5. FR AC X AMEdR A %6,
N T EHERATTINLL T 2 X
EN 10.6. i F CC(X,)Y), T F, ={f(a)| feF},
o MF REBMEN RN EET ac X, F, £Y ZMEH.
o« WRY REBEH, A F RBEAR RN EE ac X, F, £Y PRAARH.
F R ORFRA TR EIE B — SRR AR (1) Arzela-Ascoli 7& ¥

EIE 10.7 (Arzela-Ascoli B, —fEHRA). & X R4 =H (YV,d) REEZH. & F £ C(X,Y)
HFE, P C(X,Y) KT %lskdedl ...

(1) & F RE R EL R ETEN, A F HRBE CX,Y), T,.) PAEH.

(2) 4% X & LCH 8, I 4R Z A,
MAEFESE A Arzela-Ascoli E R, S ZIE T BB — F0A ] O R A S
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10.4 Arzela-Ascoli EIE, —fRhRA<BYIERR

317 10.8. & (X, Tx) RBAEHACY C X, M (X, Tx) 2 (Y, Topopace) & A Lk ST
R 45412 — B 8.

513 10.9.
PRAEFRATTRAIE B 3 ZE 1 72 B
TE B
(1) Ffilic £ =& F £ (M(X,Y), F,.) TR

o KAE (M(X,Y), J,..) HREM.
W K, = F,, Wbk K, Z250, N2dr (v 2EE25 0 M0 Hausdorff) . AT LA
i Tychonoff %EEE,H K, £ ( M(X,Y), Z,.) BRAZK, N2 AR (F25 Hausdorff 7]

aceX

Feffibh (M(X,Y), T,..) & Hausdorff (1)) . KA

Fc ] Fc ] Ko

a€eX acX

B K C [ Ko ER58E [ Ko 078, 7 (][] Kor Toubspace) THRE, 55
aceX acX aceX

1 (M(X,Y), 7,.) dtb R,
(2) (M(X,Y), Fypo) T (CX,Y), T) 1 K LESHT 2 AN — 01,

« KCC(X,Y)C M(X,Y), Filh (C(X,Y), Z..) Al (M(X,Y), Z..) £ K LiESHT=
Eﬂ%%bm ;. T M(X,Y), e C T, RILBATHFEIUEW (C(X,Y), T...) £
FEFHHIET MX,Y), F0) mﬁﬁ%%
« EEU R (M(X,Y),Z..) FIFEUNK, & f e UNK, B M(X,Y), Z.) +
FEV, 18 fevVnKcUnK.
AR H BT U nTPAURZE B(g, K, ) MERX, Hi f € B(g, K, ¢).
o K RS ROELLN K B, FrUIRATA IR B R ZAS o, #1V, E i K, 15

d(a(z.). 4(x) < 3.
FrCABATHE V = w(g; 21, 20, €), BHRIE feVNKCUNK.
(3) K Wi F1E (C(X,Y), T..) TIIHIEL
o fLH g€ K LM g 7£ (C(X.Y), Toe) HIATFARIR U, 174E g 1£ (M(X,Y), F..) "HEATF
WV, R VK =UnK. Bk

VgeKk,VzeV,.

UNF=UNKNF=VNKNF=VNF#0g.

e IR geC(X,Y)\K, f£1E g 1E  M(X,Y), Z,.) FITFAIH V, i3 VN F =02. f#1E g
fE (C(X,Y), To.) HHIFFAR U, 13 UNK =V N K, FiLA

UNnF=UNKNF=VNKNF=VnNnF=0.
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(4) BAEMRE X 2 LCH i), ¥t F 1 (C(X,Y), Z...) "PHIMIE K E AR EZE. FATRIEYR £
FEREPESE HIZ rUR I, XA S % F 55 FOESE HZ ri iR .

10.5 —LE45TRIE RN

EBARMNARE RO PSR R I8, BONE —~REES T AR EEL
(K, AT I ARG P9 5. BRI T — AN G IR R UK K381, A AN REAS A7 AR UL ST
FIEse. (B2, X EAVFZRANTEWRS B ST 5 A AEVE A8/ S EE 1S 2.

(a) FAVEEIR X REW), WA Tooo = Ty T Ty e R FERALK), FTLLEVEZE 555 P51 S
| B A5 2

EE 10.10 (B E LAY Arzela-Ascoli). 3% X £ %8 (YV,d) REZZH. %X F C
C(X,)Y) B &S HREME. A F FOLEERIIHRAIKSETIE X E—20ksk.
KOATE R™ 1, — ARG TR R 2 A B A A, 341153

#iL 10.11 (B2 _ERIRRET Arzela-Ascoli). % X £ %69, % F C C(X,R") F &4 HiZ
BAR. RA F PEZEFIVARF AT IE X E—ROolsk.

(b) X TR R 2 WA, B S HA R, BARUR FRSEEES/IE TR, BAE
PR 1l FE IR — AN B AR b o S P S /3R ri UK. BT AR X 2 R, A% TR
Feo { fo} SEHRES: HIB R, WERE o, f£1E o —NRWE, £H L {f,} A Mlshr
Gl AERREIEA RS A {fo} f£ Toe A DT A, ONTE X PAlRER “RZE7
A HAZ, RIABGE X & o- B0, B X 2 RERI TSI, AATATAT AR FHFRAE RIS £
LB IR AT B — MEREN B A R AR — S 151

EIE 10.12.
FEIC. Arzela-Ascoli R IZA ) 2 49E T o474 . T @ R ARAE A K ALIRAL P 5 2] 0947 22 7 -
o ZH M Frechet-Kolmogorov-Riesz ' M € 32
e PDE: Sobolev # N\ € 32
« ODE: Peano A2t 232
o A 5Hr: Montel %32
o ZHHH /Lie 3it: Peter-Weyl &I

i, FATHR AT LT o i — e bRk 9 52, FATRERSIE R T i A9 UHZh T Wilhelm Blaschke
FRIFE M LT3 0

EIE 10.13 (Blaschke selection theorem). 4% R >0, i &£ B(0,R) THIFT R OHEXT
Ty R,
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10.6 title

EIE 10.14 (Arzela-Ascoli-classical). # & F C C([0,1],R), & F R —HK A R BLF &L, K2
&5 3R — BOl SRy T 7.

fjl 10.15.
o folz)=n, FEESER—HAR. RMET 7).
o fulz)=2a"2e[0,1], — AR ETRFALELE. RIS T .
D I 1 E 7 ol 111 SN - ol 1 = Sl 1 R P (A 2595 A

EM 10.16. (X,.7),(Y,d), &M F CC(X,Y) FEEE E&E >0, FATR U KF 20U
%45 dy (f(x), f(xg)) <e,VfeF NeelU
X EHEEESERRERSF FES

R 10.17. W% F C (C(X,Y),d,) R AR R, MACEFEELL.
FEH. ﬁfﬁlﬁ/\ B A1, o}, WER f € F, AL kA supdy (fi, f) <e.
m U= m fk BY fk(x0)75))7 1£%: S Uv {E%&‘ f € y,dy(f(l'),f(l‘o)) g dy(fk($),f($)) +

k=1
dy (fe(), fe(wo) + dy (fr(z0), f(20))) < 3¢
mx 10.18. A Fo={f(a): f€F}, MK F CC(X,Y) REEAEH, m R EN a € X,
}JI‘Q )24 lllé}J
EIE 10.19 (— I AA). % F CC(X,Y) REAES MM LRRERLEE, R4 F T Flsk

A T B sE—NEEEH.

R X REIE Hausdorff 89, AF 4 R kA3,
Y. A K =7 0F C, RIGREUN FTT R, RAERPURIN P LR SRS E
K AFA Tychnoff .

BBREE (K, I,.) = (K, T...)

o K REM. kMK, =F, Y HREN, W HABZAN (Y 25250 MM Hausdorff A
M TR .
& [ K. = ﬂ € Xy (K,) 78 Fpo. REEM, MM Cr, SEIESEMUS, PSR ISR 1]

a€eX

0, HIRRIEE AR . Hﬂ’ ¢ T] Ka B0AF € T] K. (BRERREAKD | 5
acX acX
DK R NS T, )

o K REAERESEN).

B ¢ > 0, 771E U §if3 Vo € U 32 dy (f(), f(z0)) < &,Vf € K. R X BBR sk fi, &2
—ANNEEAE 7 R R S A E AT

R b,
® Z.c. C L?p.c.
R K% U A J,. THRIHE KNU Cc KNB(f,K,¢)
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- K =251
— K IES.

X YRR BT BAAR A BRAS R AN BR AN Q86 4555 J82 4 45 FA) < R
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11 PSet07-1

(1)[More on LCH]

(a) Prove Proposition 1.13 and Proposition 1.17.

Then read part (2) of the proof of Theorem 2.7 on page 10.

(b) [Structure of noncompact LCH] Let K be a compact Hausdorff space, p € K and X = K\ {p}

is non-compact. Prove: X is a non-compact LCH.

Conversely, suppose X be a non-compact LCH. Let X* = X U {o0} be the one-point com-
pactification of X (PSet4-2-4). Prove: X* is compact and Hausdorff.

(¢) [LCH version of Stone-Weierstrass] Let X be a LCH. On X we can define the space of contin-

uous functions vanishing at infinity,
Co(X,R) = {f € C(X,R)|Ve > 0,3 compact K C X s.t. ||f(z)| <eon K.

We have seen this space for the special LCH X = R in PSet 6-2-4. Generalize the conclusion
of PSet 6-2-4 to general LCH and prove it.

TR

WL 11.1. 2 X R LCH 9K CX RERUCX RFEHLHL KCU. MAHEFE
VARV 2%, AL KcCcVCVCU.

TEB. O

(b) o HTF K & Hausdorff ], ¥HMEEM = € X, FEHE UV 1§18 2 € Up € V FFH
UnNnV=o. WzeUcV. H P UK TIEE p MIFENIERE X FHEV 2
K HHE, BT K 2%5%, bl Ve t2 88, Nt X 7845 (XERRN K 5 X 1E
Ve EEFRT AN AR NN X & LCH /1.

()

(2)[More on compact-open topology]
Recall that the compact open topology on C(X,Y") is generated by sets of the form

S(K,U) ={f € C(X,Y)[f(K) C U},
where K is any compact subset in X and U is any open subset in Y.

(a) Prove: If (Y,d) is a metric space, then 7., = ...
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(b) Prove: If X is locally compact and Hausdorff, then

S({z},U) = U S(K,U).

compact neighborhood K of x
TR

(a) o BRI T WEBTEE B(fiK &) & T HHITTH.
WFAL (why?) FEARA S(K., By, <)) 143

fe(S(Ki B(yi.e:) € B(f; K, e).

=1
RN f(K) 255, Prebal g IRAIFER B(f(2,),e/3) B, Hh 1 <i <n.

%18 K, = K 1 (B )e/3), 2% K = | J K.

fEK; b f(z) FIRIEARKR, BT f(K;) C B(f(x_i),s/S) C B(f(zi),2¢/3).
*18 S(K;, B(f(x:),2¢/3)), W5

fe () S(Ki B(f(x:),2¢/3)) € B(f; K,e).

i=1

B8 g € () S(K:, B(f(x:),2¢/3)), 1Bl = € K, F74E i 14 = € K,

i=1

d(g(x), f(x)) < d(g(x), f () + d(f (1), f(2)) < 2@ +o<e
o TUE T, FHEPICE S(K, B(y.e)) 1 T... PRIFHE.
BB f € S(K, B(y,¢)), it 6 = d(f(K), B(y,¢)), M

feB(f;K,0/2) C S(K, B(y,e)).

(b) o B S(K,U)c S{z},U), Hit U S(K,U) c S{x},U)

compact neighborhood K of =

o 4 f(x) €U, W fBEE, fA4E « WITFARIER V 115 f(V) Cc U, H X R#EB%E Hausdorff, 17
fE o P W i ceW WV, ll fe SW,U).

(3)[The evaluation map could fail to be continuous without local compactness]

Consider the evaluation map

e:QxC(Q,[0,1]) = [0,1), (z,f) = e(x, f) = f(=).
(a) Explain why Q is not locally compact.

(b) Prove: for any ¢; € Q and any closed subset A C Q with ¢; € A, there is a continuous function
f1 € C(Q,[0,1]) such that f(q1) =1, f(A) = 0.
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(¢) Now let fo € C(Q,[0,1]) be the zero map fo(Q) = 0, and take any gy € Q. Prove: e is not

continuous at (qgo, fo)(where we endow C(Q, [0, 1]) with the compact convergence topology).
(4)[Applications of Arzela-Ascoli]

(a) Suppose k = k(z,y) € C([0,1] x [0,1], R). For any f € C([0,1],R), define

Kﬂ@—lkwmﬂw

Prove: K is a compact operator, i.e. it maps any bounded subset in (C([0,1],R),d,) into a

compact subset in the same space.

1
(b) We want to minimize the functional ®[f] := / f(t). Consider the set
-1

F={fec(-L1,0,1])[f(-1) = f(1) =1}
(i) What is figjfTQ[f]?Is the infimum attained?
(ii) For any constant C' > 0, let
Fo={f € Fllf(x) = fW)I < Clz —yl}.

Prove: The fiI}_f ®|f] is attained. Can you find the function?
S¥le]

12 AT ATE

EARATE B0, SRS A G TR “ LR A . TRATBE RS 2 7 )L AE B i 5 TRA
FEAE BRI 23 ). A3 PR 2 7 L TR B R AR IR 130 1 AR 25 76, 48 SR T 2 W A T
R 1 5 AR A - 4

HLE JRA 06 ) FT RO, 4R, — AT B A R AN o B S IR 7T 0 PO A
I VI A I 4 P R T 1
12.1 H—AI%z

BT

EX 12.1. —NBAE 0 (X, T) ARERF— TR, & (A1) ZH], 4o TH EH THREGARRL, B,
MFEE ¢ € X, A x OTRIFARR (U, UZ,---}, BN o EETFARR U, HE n 7
U cu.

IR, R (X,.T) &% — T4, I 23 F& ERMNTAEE B THABA {UT) #H2
UroUy U3 D,
B A dm RAEMA o 69— 2B T HARBAE V7 V- AR A RATT AR
Uy =V Uy =Virn Vi, Uy =Virn vy nvy', - -

xiegss
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£~ 8m

Rl 12.2. R (X, 7)) R —TH, N4
(1) MFR EAF PRI
e ACX RIWEL ARG A LaFTH IR,
(2) FFlks — %4,
(3) %% (X,.7) &2 Hausdorff 49, M AWML ESE — FF% — H.
TN THT A U AT H A R AN R B W [
i 12.3.

T

s o g , - 1
(1) EEEZZBRE TG, BAXNTUAR UP = Bz, —).

n

¢

(2) Sorgenfrey L5 A % —TH#a, k¥ US — (2,2 + %).
o FE—HHIHIT
— Rz,
— Sorgenfrey E£k.
Bl 12.4. (R, Trocountapie) A 5 — T ¥4y,
b RGES, ik U}, Ul & X a4 (UL — {2}
12.2 F A=
o G AFAETHE.
o I = H A
— RZAN, W T B R H AT R A T4, 4 Sorgenfrey ELZk.
o TREAN + EETN = FH W
- B4 FREN =
5 12.5. (R", Tguctidean)
B = {B(xn, )|z € Q", 1, € Q}.
B 12.6. (R, Tiserete) & (Al) 8912 R 2 (A2) 89,
Wl 12.7. L&A REEZ AL TR,
Y. B (X, d) A R,
st S, BRI 0, A EEATIRE A 0,002, Ty € X B X = U s o).

i=1

W TR B = {B@n,i, %) meEN1<i< k(n)} RERA (X, ) M.

ERFEE U S o € U, 74F € > 0 i3 B(a,e) CU. il n e N1 1 <i < k(n) 15 — <

SRS
TGN

B d(z,2s) < % NI B s, %)  B(x, %) C B(w,e) C U. Bt B 3.

O
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[ A F 7 S R L2 Se A i, A 1795
i 12.8. KA Z A H T 5.
il 12.9. X =[0,1]"
o (X, Tproduct) & (A2).
BT X AE d((@a), () = > oefa” — 7).

o (X, Fop) TR (AL) 8.
ik @ = (z,) B THAEL, KA ZA—F), H— A% — 55

12.3 A7 ZEIE

o EX: AVEME T

o I = W[4,

— RRZAXE, W Sorgenfrey H.Zk.
W R AR A TAE RS () R o i m] okt st 2
B = {B(I,T>|I S Qnyr S Q>0} )

PRI — AN EEZRJFEEDE R A A% 74 Q. Z R SR 2V 2 55 AT B 1A ) 3 [F) R AL -
Rl 12.10. HE&EF = THZEA THAE TR
. W {Uy|n € N} & (X,.7) BIATHE. X TR n, 85— 2, € U, JFHA A= {2,|n e N}
GX BB 7k As ) A A X PR 4.

Wrg A=X. FHL b TR v e X M o BERIFIE U, /7€ n 15 z € U, C U. )i
UNA+#a, fiblh A= X. O
Fig. RMNEREERT: AEEEITNY, FAYREIEGHGTHAZTE. S&, E9F
2R E E— ARG N
FEM 12.11 (7]4y separable). &AVHR X ZT 54 RCH —NTHMAE T E.

Bl 12.12. (R, Tsorgenfrey) & 209, HHEZMAE . A2C T A H =T 549,

W 12.13. THEETRAS —THY, A EEEZH T H _TH < TH.

EIR. THOMRRZH P —NEFAH RGBS, CHA TIEP LR ERGER. 5 NFL0E
R A RAAFENE H TH = CHTHERKR” KZFRERAEHMiE R RToe04 RIAFE
A e, 4

l?@ = {f R — R|f(x) # 0 for countably many x, and Z If(z)]? < oo} .

KT AR (f,g) = fla)g(x) BEA—ANRER, KGiEST —AEFLM, @A %E AT AK
z€R

T, RAAT B 09 RAAAE = 1 R T i A AR & T ROE A
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12.4 HRAFHMMEAMBRBEET AN BIRE

PR ML, T2V RO IR RO H AT 02 Bk “IB IR (]
EIR 12.14. AT EHEZZW (X, dy) TAEIRN A RAa4E7 4 ([0,1]Y,d) HEH AT = .
BRI X B, FLUE A S, B A dy, BATTDURIE diam(X) < 1.

B A= {z.|n e N} 2 X AT 74, BATE X

F: X —[0,1]Y, z+— (d(z,21),d(x,z2), ).

A ATE

o FRESNNAN Ti = Tproduct; B 1y 0 F = d(x,2,) RIESH.

o F Y WR F(x)=F(y), M4 dx,x,) = dy,z,). FA A BRWER, A4 2, — 2. B d
(R IESEE,
d(z,y) = lem d(zp,,y) = lim d(z,,z) =0.

k—o0

o ([0,1], Troduet) & HausdorfF [R1K e A& FE & 25 A

NS0
F:X — F(X)c[o,1]¥
R, B F(X) 2B, FRNE £ Hausdorff 25 8] HF 5 F4E. O

12.5 HtbA RIS

ATHCHE R 5 B A A, B0, FRATDLAE PSet 4-2-3 th BT 4 % HUMER, I HLARA 7
Lecl2 S o SRR, 53— M AU I T HC 0 R

EX 12.15. #3210 (X,.7) & Lindelof 49, w REEFBERA TR T EE.

AR o525 F Lindelof, 1 Lindelof IR HUE 4 & 5. AT — Lo 5T BY i = @t
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13 AIE=E

13.1 AIEE
EX 18.1. # (X,.7) RTRENG, bR AE X LHAEEH 4RI T = T

B 13.2. ([0,1]", Tproduct) T EELEY, @ ([0,1], Thpr) RARTEZRG, BAHCIRREFH—THK
0

FATEATE Lec9 HFBUE R AT BN A4 2012 55— AT . Hausdorff FIERK). (HiE, iX
LSRN 7R 1.

5] 13.3. Sorgenfrey A (R, Tsorgenfrey) & % — T4 Hausdorff o EALEGI2 T T EZ LAY,
o BMLEEE (R, Tsorgenfrey) & 5H— T 5.
o UNRTREEZWEACATHNIRAS T,
o U Hausdorff A NEZ v <y TUMFE [2,y) #= [y,y + 1) 5 FF.

o BEIER (R, Tsongensrey) A EHLE, BRI ET MR LT ESNB. % A, B RFTINE. 3
FlEacA HadB. BA B RFE, KMNTUIR ¢, > 0 £7F [a,a+¢) C BS. eyt
THEZE be B KAT I g, > 0 143 [b,b+ &) C A°.

EEHAMNERT [a,a+e) N [bb+e) =0 FUEAMNF be [a,a+e,)N[bb+ay), FA.
M Ua: | Jla,a+ea),Us = | Jb,0+2) R H A A B HRZAE.

a€A beB

13.2 Urysohn EE{LEIE
S — R T FE B A [ R AR, T3 AT R BRI — AN R R 2 2R

EIE 13.4. —AF = THe ez E (X, T) RTHEEN Y BLIRE €2 Hausdorff F2 EHLEY.
TIREATEE BT Z R Hausdorft 25 A2 IE M. KL

#it 13.5. % Hausdorff 2102 7T B 2GS HAL Y €2 H T4y,

FIE. AN AREN Urysohn B Z LT 9 5F T AR E BN T 5, Ede ZAVE RSB (R, Tsorgenfrey)

P& E 8. Bl e R AN E T RERA T o, iU TRERE, 2T R, T4 LSplit interval

13.3 Urysohn E={EE: iR

33 13.6 (Urysohn Lemma). (X,.7) £ B S AR S3FEERRIAE A, B C X, HAEELZLHK
FiX = (0,1] # f(A) =0, f(B) = 1.


https://en.wikipedia.org/wiki/Split_interval
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14 PSet07-2

(1)[Lindel6ff Property]

We say (X,.7) is Lindeldff if any open covering admits a countable sub-covering.
(a) Prove: Any second countable topological space is Lindeloff.
(b) Prove: A metric space is second countable if and only if it is Lindeloff.
(¢) Prove: Any closed subspace of a Lindeloff space is still Lindeloff.
(d) Check: (R, Zeocountaie) is Lindeloft.
(e) Check: The Sorgenfrey line (R, Tsorgenfrey) is Lindeloff.
TEHA.

(a) ¥ (X, T7) &5 8, MAFTHEE B AR (X,.7) KPS U. MMEE » € X, fF1(E
Us € U,Bz € B3 x € B, C U,. MFNTATLAKB AT EA {2, }, 615 {B,,} £ RITHE .
TR BEF) {U,, } B2 — R BT 5.

(b) UEBIZE AR TUF b 58 A F R B s a] 0 3 — W B AAE R, RN T8 il BOF AR T
A PREE N AT HUF

(c) WACX ZPE TH AMNIFES U, BEUUA® X X FMIFEDS. BT X & Lindeloff
B, ITUAEEE R B F S V. B AN A° = @, Ftbh Y\ {A°)} & A W $rE s, Wi A 2
Lindelsff #.

(d) FEBL (R, Toveountarie) HITFE R U, FEHL Uy € U W U R AATHCE (00}, #1542, 4
5 U A TEE U, 673 2, € Uy, 558 (U, SR T SOT 3 3%

(e)

(2)[The Sorgenfrey plane]

Consider the product of two Sorgenfrey lines,

(R27 %orgenfrey) = (R, %orgenfrey) X (R, %orgenfrey)a
which is known as the Sorgenfrey plane.
(a) Prove: It is first countable, separable but not second countable.

(b) Prove: Is it Hausdorff? Is it metrizable?

(c) Consider the subspces A = {(z,—z)|z € R}. Is it closed? What is the induced subspace
topology on A?

(d) Prove: It is not Lindelof.

TR
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(a) o %F (m,y)eRQ,{[x,er L my+ L \nmeN} S AT A,

o WTBAEGRAEIEN, (R, Taorgen prey) FREFHZTTHL, I (R, Tsorgen rey) FRH
Sk

(b) o KT (x1,01) # (22,92), W_FHRWAELEN d > 0, BIEMALL 3 7'7121& LA A
ORIETS TG, R S BEIFR, BHEE (R?, Tsorgensrey) THIMATFEMFENIE
(R, Tusuar) PRI IERE ERIFIIETT IR, AMTX A IFAEH B AL

o B (R?, Tsorgenfrey) FIAMBANEE W4y, Rl e AN Al BERALI).
(¢) ZRUEH (R?, Tsorgenfrey) 7& Hausdorff (], 28 5 UER] A¢ ZFFI, AT A S A1)
EReSILIEZE PN VEZEE N

(d) FEHR (R?, Tsongenfrey) HI—AIFH R U, T A° RIFEE, ik U iDL ERS A° FXZ
5, B EFINEEICA VY TG TR (R, Tsorgensrey) THITFE, IR [V = A°

vey

HRELLA (2, —o) ATUAIIFE W, = [0, 4+ 1) x [~2, 2+ 1), BAETEE A IS A,
T VU {W,|z € R} HI (R2, Tsorgenprey) HIFF B, (BE B T ECT - i

(3)[Hereditary properties]
A topological property P is called hereditary if (X, .7) satisfies P—> Any subspace Y of X satisfies

P. For example,“metrizable” is hereditary.
(a) Prove: (A1) and (A2) are hereditary.
(b) Is (T2) hereditary? Is compact hereditary? Is “separable” hereditary? Is (T4) hereditary?
(c¢) Prove: Lindelof is not hereditary.

(d) A topological property P is called closed hereditary if (X,.7) satisfies P—= Any closed sub-
space Y of X satisfies P. For those non-hereditary properties above, determine whether they

are closed hereditary.
TE B,

(a) o BEAXT AC B ANC c BNC, FTLA (A1) &AL ).
o T FERERIFEH,(A2) tHRTTHLR.

B) o PRNHT UNV =2,UNA)NVNA) =, il (T2) 2K,
o BMEAWEE. Lol [0,1] 2 EMHE (0,1) JEE.
o A[OPMEANETIRAR. B B ().
o (T4) A%

(c) AEEL—AE Lindelof 78] X, BB M HF AR X X" ZERMMINZ Lindelof [1). 755 %E
X B4 E X 4K X 17 BRI 2 — 201, M Lindelof A AT EAL 1.
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(d) o EMEEEABHER.
o AIPHEARSE LR, REIKIB R E—R (o).
o (T4) MHBAAR. MME R T2 R A AL, EATRRE R 2 E AL, KA
JR 22 (T4) B, B AAAE B 23 8] R AN B 70 B Al ], IR AN A5 % 7
() AZ — 5 753 30 P23 8] R 20 B I N AS 22 AR A 2 T4
o Lindelof /& P AL 1.
(e) AMEAT L. HE X = {(0,00} U{(z,y)|z >0} C R* X FREFMBEM.

o B
— Bk, Ak, nliA g
— JREE, AnlEfE
— Lindelof, AN f%
— AT
_ J_ﬂ%;’f

o TIEME
— A1, Witk
— A2, Witk
— Ao, ATTEHE

o M
— T1, AligifE
— T2, AL
— T3, "ligfe
— T4, ANATgif, o] AL

(4)[Properties preserved by continuous maps]
We say a topological property P is preserved under continuous maps if (X,.7) satisfies P, f :
X — Y is continuous = f(X) satisfies P.Similarly one can define the meaning of preserved under

continuous open maps.
bAANAY

(a) Prove: The properties “Lindelof”,“separable”,“countably compact”,“o-compact” are preserved

under continuous maps.

(b) Prove: The properties “A1”7,“A2” “locally compact” are preserved under continuous open

maps. Are they preserved under continuous maps?

TR
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(a) o Lindelof FIR]4CE [KE W) 73 5 5 IKUE W) 7 V352 44 .
. - BRI
o T4 W AR X ATHRE T B F(A) B TTHN.
o RIELE,F(X) = f(A) C F(A)y f(A) ;x) = [(A)y N F(X) = f(X).
FIE f(A) & F(X) T T4,

o REEIGESR R R RIEN. BV = {(—1}U(0,1).f : V = T.f(~1) = (0,0),f(z) =
(a, sin (1)), MG HNER TE 3 e A L o B0

o PIRAEELBA—ERITRM.
o R IELBA R IR S E .

15 SEMAIEAM Urysohn 538

15.1 POESBEHAE

BIANTRE] BN | AR AT WA KA L 7 B I AT A TR
AW ZAFER D EYE A, g AR T, BB 2 Il 1 R E EZ A

o (T1=Frechet) fE& z1 # 20 € X, AT U,V i3 21 € U\V H 2, € V\U.
o (T2=Hausdorff) 1L z1 # @0, FAEHE U,V #ifd 2, €Uz, e VIFH UNV = 2.
o (T3=Regular) fEEME A M ASb—S o, FEFE UV ER ACcUzeV HHUNV =2.

o (T4=Normal) EEM%E A Ml B/t ANB = o, GAEHFE UV il ACcUBCcCV H
unv =g.

IR, ERRGGH A, CEN, C(TS)7 CEM C(T4)” TRA TR AL, B, £ERH P “E
N7 R “(T3)” T EREBAEFL TG “(T1)” L “(T3)” , “EHN” R “(T4)” T E%RE KM
EREE C(T1)” B “(T4)": edte—kHd “ERN” FHEABMN—HHEE, & “(T3)” &T%E
BAVESE G “(T1)” B “(T3)” , “EH” Fo “(T4)” 89& LA £,

15.2 ARESEMHAEBZENXER
AT R FE X Se N B2 R [ 2R AR FRATT

. (T2)=(T1)



CHAPTER 8. FeA7 a4 % 1t 113
o (T1)+(T3)=>(T2),(T1)+(T4)=>(T2),(T1)+(T4)=>(T3)
Br T UL &SR Ah, R R REA AL
e (T1)%(T2),(T1)%(T3),(T1)% (T4)
JBl: (R, Too pinite)-
e (T4)%(T3),(T4)% (T2),(T4)=(T1)
Rbil: (R, Tye), Bl Ty RHETFHE {(—00,a)|a € R} ERAIHI.
HE, B T4 REARARALFEAST AL !
e (T3)+(T2),(T3)=%(T1)
S«

15.3 FNzlE
B TRATI 4 X e A B ) — R A i
ER 15.1. & (X,.7) &¥BIE M.
(1) (X,7) & (T1) 9% AR SEEREEE {2} AHE.
(2) (X,7) & (T2) WS EREHAX A= {(z,2)|]ze X} £ X xX FRAAE.
(3) (X, 7) & (T3) L ARE M EZ e U, Y U RFE, GAFEV #EF eV CVCU.

(4) (X, 7) & (T4) S EREMEENE ACU, AP U RFE, AEFE V EF ACV C
Vcu.

15.4 Urysohn 5|32 F1E HIIERA

AL FRATIHR FH 1E B0 25 8] 1 ZEA0 Z i SRAEBH Urysohn 5] F. &L, Urysohn 5| BRESJRIRAT] “ %
XIANAZ AR RERE T B 73 15 24 HAX Y R AN A2 PH AR RE A SEELIE 22 sk 25073 257 . Urysohn 51 B HIN
AN A TR, R e A TRT DU B S e o 2R R K. filtn, BT e s g T
WA A Urysohn 5] EEKUER Urysohn 0 &AL €. Urysohn 5] 3 ()AL E EZN A, €5 Tietze
Ik BRI FUE N BIRR A 8], 6T B | W RE T, WE 28 5 R RN CEE 7 — R
U (P22 bR - BE B BR A R, X T — AR IR RS 6], #43E fE ANF FLI -

EI 15.2 (Urysohn 5|H). 4642 (X, 7) REAG S AN Y THEERLAE A, BC X, #
BE—AESELH X - [0,1] £4F

Ac f7Y0) B Bc f1).

i
=
.%H
-
i
=
it
g‘g
Fm
b
>
o
&
hea
>
s
H
A>
3
&
X
=
o~
I
3
Fm
F
&
=
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(=) X2 WNAMERE !t FATATAE— R — R0 b SOEZEmHe ? k. JRATREDS I
— R “SEmA” RE B ANREL A, IAE BN s 2”7 B (2
e FATE ek 2 B, MEARATAE R BB R K F4E. Step 1:Contruct sub-level
sets.
ERIATH— AN A S THE U RITEX Ay = AU, = U. A X RIEMA, BTl A16E
ARG U, RIS A, SR RIIE T BN T)) | Wi

A()CU% CA%CUL
MEZXAN SRR X, 11152
AOCU%CA%CU% CA%CU%CA% c U;.

O
FiE. AATRARE: ARG EN TR ZR? EEREG L. —Mt, KNF—/E4)
FRRTAENG, o RAEENE A Ffelt & oo ¢ A, BAEELEZH F:[0,1] - X 1£4F f(zo) =0
H f(A) = 1. —ANEMNERZAENGFTH J Thomas £ 1969 544, -TVAE Munkres 49
% 31 T 89 Problem11 &2\ €. 5 — A H 265 F 8 A Mysior #1535, £ Proceeding of the
Amer.Math.Soc. Vol. 81(4),1981,652-653.

15.5 F, ¥ Gs &
H = 3| Urysohn 5| ¥ HI45 82
AcC f7H0), Bc ).

—/NEARM R FEMFEERE T, ARSI EL R f 5 A= f7'(0),B=f""(1)?

PR R RS, BREE f() = jgi ‘gzx 5 PR
[ AE— M, FATFERT A A B MBS

NTBRNIX— 5, AEBRATARIE I N X AN E AN 0 . AAEES R f 0 X — R 75
f710) = A BRI RAT A2

MIRBATHE A ZHE. BIXEATEN, KA

= 11
{0} = (7) )
Ns
BATLAE .
ro-Nr((-21)

BAPEYL £1(0) BiiZAd X Rl E PR
ENX 15.3. % (X,.7) 432 H,AC X.
(1) &M A 2 Gs B RCAFEHTIIR.
(2) &M A & F, FHhRC AN EOTHT.
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DRl RS 85 bR ) AT B — e A ) G 4R SRRk

WER 15.4. X X REMS. M2HEESIHHK X - [0,1] #F f10)=A4 FHRE AR X
PR Gs &.

15.6 Urysohn 5|¥8: —#iaTH
AT Bz Az g, FAVRAREE 5 45 2 1 B 1) /B — S Sei i B0, 5205 5 FE 52 R S T2 )L
T2 AR F .
EIE 15.5 (Urysohn 5IHERIAET). % (X, 7)) REAZTR, A B C X. MAKEES /K [: X —
0,1] 443
7)) =4, f'(1)=2B
LHMRE A,BA X PR Gs &.
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16 {RUEIEAAY S
FEATT P RATHO T T 5 IR 8 B 2 FERI R SABE T (X, 7)) & (T4) 1?7 FATRE i S
“JRy B EEAR T B YBAIE SRR B 4% b 4% B 10145
16.1 &M “4RFA” (T2) M (T3)
AT S iE M
FIB 16.1. (£F % Hausdorff TRZ (T4) 4.

X T I A A A HEE, e R YRR RI R BRIRIE T TR MR T 5T 0
PR

Rl 16.2. x T iadb= 0, KMNA
(1) % +(T2)=(T3)

(2) B +(T3)=(T4)
TE B

(1)

(2)

16.2 AIEM “RBHA” (T3)
R 16.3. Lindelof+T3=— T4.

iEH. W A, B 2 X PRI

YHERM z € X, fFEHE V, i z €V, CV, C B

K49 A 7& Lindelof [, fAERIBIA Vi, Vo, - -+ e A

B RBUEM ) B IR AL, T B MITERRI AT SIS AN —E R TTEE, FRATA RE B X 2 A
THER. F b AR T, B M= A,

Fflt, FATREIR B ATECNITEE U, Uy, -+ B B IFH U, C U; C A.

Lindelof iEFRATR R AT #AN 4, T3 LWL V; C V; € BS, U, C U; C A°. {H2, XFEiE
ORI PR TT S v] B2 AH B E B, DGR R OR B 1wl 2 H0 B B R 3 42 4.

L
Gui= Vi) (UU) U ([]vj)

~
ERIFNZMIEMSS G, N H, = @ X TAEE n,m MOL, BEAEA m > n, B4 n > m. MFHEX
I Eo Dt TS E MRG0 T BV BIZMB AR BN 7 ik G,
Hy, 57015, R AN TALZ U, MV, gy 1.

oo oo

HT ANV, C G, Bith Ac |G, A# Bc | Ha.

n=1 m=1



CHAPTER 8. FAUZ 69 % M 117

KA G, N H,, SHMEE n,m L, Brlk (U Gn>m<U Hm> =0. 0O
n—1 m=1

FiC. B G 2.2 fe i M 2.3, HATREAF: £EA Lindelof+T2=—T35? 2 %A% 6. ART
VAZE Steen #= Seebach #3 Counterexamples in Topology ¥ XE|—/ 8 269 R 1.

16.3 FEEPE “BA” (T2)

Wl 16.4. BIE +T2=T3.

EH. W e U. HREENE, BATRERE —NEE K 415 2 € K.
oA X & T2 /9, BTl K & T2 §; XK 250, frbl K 2 T3 /1.
AW =UnK. Ba W ik = £ K DRITFAER.
HT K & T3 0, /A7 K TIHE V g

x eV CClg(V)cCW,

HAPBAMERIL S Cle(V) F£on “V IR K7 FRAE, DMES V £ X H e V X5,
Wi vV stbr b2 X FHIFE, 3EH Clg (V) 5V —5L

o BNV 2 K &, HA VW, W 2 X FI4E Wik V& X s
o BN K 75 X MLV C K, TV C K. Il V = Clg (V).
PRI FRATSE bR B4R 7 —A X I Vo2
reVcVcWcU,
KEWE X A& T3 M. O

SHIB. AEE R RPIBLA LCH =18 (f T3 TR T4 .

16.4 FHIMRFEZ (T4) B9
PN RIE & — R AR R aF BB Z N a b2 8], 725057 1 & A SUsER A S .

ENX 16.5. #BiAMAB—/NBIZRHL T2,A2 LB BRILEMR, BPEE ¢ e X B —AA4R
B U RIET R™.

DR R R IR R 22 [A] 2 Ry B B Y, 45 il 2.3 Al 2.5 JRATIA3 21

Wl 16.6. £ F 464 AM R T4 49,

16.5 {HEM: EXFHF
THBRANIN B EINES, BATESEB T, ©28 M. TS0 B8RS,
BN 16.7. BMARIBIEE (X, T) RA47E 640 RIAE ST FE A B3R A 4G F o sm.

5] 16.8. %= &4y %Y.



CHAPTER 8. FAR= 9% 118

5 16.9. 17 % = 1A &9 ] F 5 247 K 8%
ER. WX BITRIAC X BAM. W 7 =& A W—EHES. & 2% =% U{A°}, aer X
(W —JHE . 1508 X, AR R I 24. 4

% ={Uenlvcal.

KOEH U R AR RNIEE %, 0
IRl 5 AL 1. E:, 15 B nl AL 1, B, 5 S5 18] AT 2 TR T REAS 245 510,
5 16.10. R™ Z45% 8.

. WU R MERHES. N TER 2 e R, FE0<r, <1 MU e % 13 B(z,r,) CU.

é\

U = {B(x,r1)|x € ]R"},

W o =& w H— I,
B B AR RO

B(a,\/n), a€Z"

(IPHER, BRI IREA 20 HITTERE 5. BULFTA (X BEITTER, i0h 2. W4 U HRE R
MI— TR R, I 2 W— AN, JF Ho2 R A IR, O

SEiE. ® — 4k, A Stone iEWA T
IR 16.11 (Stone). =& F 2= ] & 47 %69,
A8 B R, Smirnov iEBA T
EIE 16.12 (Smirnov). B3I T E R T RHZTEZHN S LIS €A R E Hausdorff 49.
¥ 52 b, Nagata-Smirnov T T ESH—ANZ#H 6% 3 :
EIE 16.13 (Nagata-Smirnov). 4470 (X, 7) THEELY B EE T2, T3 LA —ANEHA K
£
16.6 {HE& “8&FA” (T2) # (T3)
— e, PR A R IERUY. ER, IEATE R IR S B A B — R, 1 SR AR R
FFIFEF. & RE AT 5 —Fh “E’*IK@PE%M:” FIBIERI — KT R A R T EIR (AL} 10— %

AREH,
U A= U A.

AcA AcA

R 16.14.
(1) % +T2—=T3
(2) 7% +T3—=TY

TR
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(1) % B &M

R, FAE T

EIE 16.15 (Dieudonne). £ &4 % Hausdorff = ] 2 EHLAY.

16.7 {7 Hausdorff = 8H— R IFHINZH
YEARL, BATRIEM

513 16.16. % X 24 % B Hausdorff 89,% = {U,} & X 9—NFBE. RABE U H9—/N R
HARG Ao m V= (V1143 Vo C Uy #HEE o K,

SEB. B X 05 H Hausdorff i1, FTLVE R (T3) A1 (T4) . 023414
o ={Aec T|W, €U st. ACUy,},

Mo o 2 X W— M ER (BN {Us) 2 X KM, FTMER = € X, f744E U, 15 z € U,
BT X & (T3) 1, FTLAETTEE A i 2 € AC A C U, BTN o Ret T E .

é\

B ={Bs|p €A}

& o N REARKIT g CXRMGRNESD , HifEaE T /s o AF.
XA B, ATBER D a = f(B) 15

B C Uyg).

WAEXT A EIR o, &
Vo= |J Bs
F(B)=a

HAp AT V, = o WERBCHRFER 6 A1 1 2 W)= BRI,

Vo= |J Bs= |J BscU.
(8)= (8)=

R R R R E A RYE: W T EE z € X, f74E o IR U, AR B MHEL Wi, U,
HEMRLERE f(8) = a K o A O
16.8 IRMMERRMN + THE + 27BN

GIRARHT — 2 R™ B0 AR BIE R, AR AT RESTE BB R 1 Jo) A BROT- 8 22 ) R B S S 2 -

o BRI x BRI Bz, V). AN, FATH T RSN
o BN BERS A TR AN IR MR A BB R, SRR RO B AR T K, R T (A2) B Lindelof.
—/NERE B, R RN B (A2) BETSHEL BME? BRI BOR UL R E

PR RIR R AR R IAE A {Va} B {Ua} AARR (4515
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) 16.17. /& X =R,.7 = {(—o0,a)|a € R}. I 4
o (X,7) RAPEGRAAEEES b (—o0, 2] %M.
o (X, 7) R (A2) 89K B = {(—o0,r)|r € Q} A—FkTHE.
« BERRGEGAAFEEZ U = {(—oo,n)|n € Z} BA BFA IR T Aatm.

PEREABI TR T AF A2 SRR T A KT AR 4B IR R
BRAED | B, A Hausdorff (9! H58 FJREEME. nIEMER Hausdorft — 28 & & 17 %

EIE 16.18. KAVA Lindelof+ H3% +(T2)— 5%,
JEIE. Sorgenfrey A% Lindelof, T2, 12~ B3 %, 1a€ =15 %84,

BIRBATAT LK Lindelof 2 # sl 3 9 i) AT Kk il an (A2) 2 o- %5
FIER Al 2.5, AR 7 EAEY

Rl 16.19. &AVA Lindelof+(T3)= 15 % 1E.

IEW. 4 X & Lindelof 1 (T3) ). & % = {U.} & X WAERIFERN. X TR =z € X, & a(z)
115 © € Uy IR X 22 (T3) B, FrRAFRA TR BN &E vV, 1 W, (615

zeV,CV, CW, CW, C Usw.
BAE v ={V,} & X M—A . BN X 72 Lindelof [, TATREHR ST 477 55
{Vi, Vo, V3, -} C V.
BATE Ry = Wy, BUCE X
R, =W, \(ViUu---UV,_1), n>1.
Wis Z={R.} & % W)=BA R mA. O
I8, Sorgenfrey A &L T2 89, (A RR B3R K Y, B2 EHL. XFEECA Lindelof 8, FTVA

CRAT R,

16.9

SrBISERR LA PO, —SIURT B IS B, — SR AT RSB JLRT RS BRI
B, 507 LA B PSR BB Urysohn SIS VRRRAT, AT T4 57, FIFF45 B ARk
BN R — R,
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17 PSet08-1

(1)[Closedness of graph]
Let X,Y be topological spaces, and assume Y is Huasdorff. The graph of a map f : X — Y is by
definition the set

Gy := {(x,f(:c))}a: €EX}CXxY.

(a) Prove: If f is continuous, then Gy is closed in X x Y.

(b) Construct a discoutinuous function f : R — R whose graph is closed.

(c) Prove: If Y is also compact, then f is continuous if and only if Gy is closed.
TE B

(a) fEHL (z,y) € X x Y,y # f(x). KA y # f2), IUGFEHE UV CY fifF y e U, f(z) €V
FHHUNV =a. BN f &S BIUGETE W C X, 3 fW) Cc V. \ifi (z,y) € W xU
FH W x U c Gj. It Gy &M%

1/z, z#0

(b) FERHF i, &AM f(o) = { .
0 r=0

(c) M 2o € X, RFUEXMER f(wo) HIJTFABIR V C Y, 4715 « KITFABIR U 45 f(U) C V.
MR y # f(xo) €Y, T G RITE, 7-4E U, x V, {15 (20,y) € U, x V, I H U, x V, C GS.
A vu () v, Y M—JFES, Y B FEARTFES Vo V. AU =T,

i=1

y#f(zo) i=1
Bz e U, @ X f(x) ¢ Vi, T f(z) € V. 1RIE.

(2)[Productive properties]
A topological property P is called productive if
‘Each (Xa, Za) satisfies P = ([[, Xa» Tproduct) satisfies P. ‘

(a) Prove: (T1),(T2) and (T3) are productive.

(b) Conversely, if ([], Xa, Zproduct) is (T1),(T2) or (T3), can we conclude that each (X,,.7,) is
(T1),(T2) or (T3)?

(c) Is (T4) productive? Is Lindeldf productive?
(d) Prove: separable and metrizable are not productive. What about (A1),(A2)?

(e) Can you introduce a weaker conception of productivity, so that those non-productive properties

in part (d) satisfy the weaker one?

TE B
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(a)

(Tl). {EEX HXa EP%){—:T\ (l'a) 75 ( ) ﬁr?El*T ﬂ '@E/%I‘ \% g 75 Yg- Hfl XB 7% (Tl) E(J,

TEAE zp FFAIR U € X 8643 ys ¢ U U [ U x Xo 2 (wa) RO (ya) HIFFESL
a#pB
(T2). WEMIE (T1).

(T3). 1B (2o) FIHFFEIK U, 77 [[Ua B8 (xa) € [[Ua € U, Hh REHRA

Us # Xoo WREHRD Uy, 01T X, i (T3) W), F74E Vo 153 24 € Vo C Vo C Uy 23
RV, = X, W

ze[[Voac[[Va=]]Vac][c]]U.cU

Hep [[Va = [ Vo RAEPSet04-1-2 SHIEH (1.

¥ HX (1) 5, 4 (2,) AR I1v. 4% (4) HUa, i TR

Ys §Z Ug, ZAERATMIKRE] T 25 BITTAREL Up g ys ¢ Us.
(T2). WEHIE (T1).

(T3). {EH X5 W x5 FIBIIFARIL Us, HFE (2,) M Ug x H X, BHF HX & (T3)
a#p
1, F1E (2q) FITFARIE HVa Wi e

() € [[Va c [[ Vo = HV CcUs x ] Xo,

B
W g € V3 C Vs C Up.

EE b, TN TR R, B (X, ) R AT (A} R
W T BRI HAn Aol T X0 0750 796, (11 Cantor 34534

5, ALY T[ A, AT, e ] X, A RORET, iR SIR AR e
M A, Tk FUTITEGEIEAR 7564 A, it a,, B8
A1 X {CLQ} X {a3} Xoeee

A1XA2X{CL3}X"',

AT B BN IRA PR SRR, AT A2 AT A s R A AT IR, X2 RT3 mT
é&%ﬁ‘]}ﬁ R, W R RIS A SR [] X M nT Hohe s T4

B8 (2,) € [ X, (BB U REE (2,) WHELEU Bl [[ U, BAREERA U, &

n=1 n=1
S X, TR N, R FAER 0 > N.Us = X, T84 U0 Ay x Ay x {an 1 b0
A5, T () € A. PRI
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o XEYRERAT, EARRIE S, 262017 FEAN PTHA AT 2y 23 ) SR A
o ATHCNRTEERL RSBV ATEUN. B (X, d,) R, 7 ]
o ARABEE (0,1} NP RE 2 61T, AER RS TR K — A, TR AN T
225 18] ) SRR 25— ] B ).

(e)

(f) 1B HRIRA—E 2K, Ll Sorgenfrey B k215K, 2 Sorgenfrey “FIHI A&7 %
.

(4)[Baire space]
A topological space is called a Baire space if every intersection of a countable collection of open

dense sets in the space is also dense.
(a) Use “open-closed” duality to give an equivalent characterization of Baire space.
(b) Prove: Any complete metric space is a Baire space.
(¢) Prove: Any compact Hausdorff space is a Baire space.
(d) Prove: Any locally compact Hausdorff space is a Baire space.
TEHH.
(a) W A, RPHITE,

ﬁAn_X@<ﬁAn> _XC<:><GAg>_®
n=1 n=1

n=1

i A T AR A SR KT R 81 K T R T AR 5 .
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1 Tietze ¥ Kk EIE

1.1 Tietze ¥ K EIE
JRAERATEE Urysohn 5| BEA5 2 1) B ECE LR IE W Rk, (B2 IEWFRATI7E Urysohn J¥ &1k & #
F1 Urysohn 5| EE A FIUE B R & I, B ATRENS FH SR A 38 3 2 55 S0k 5 1 5 11 B8 B2 2 RO 458 pR 4
FERTTFRATEL 1 Urysohn 5IF A — AN Tietze §iKEFL, ©REWHMAE Urysohn 5] ELAY
)T OREEAEbr LMD | Rt HENHTEZ 6. e e HnEEz —.
FATMA FLI e TG
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(B F BEERBEAE X FH—4 CAERY ESLEh.
FiB. A XA AT BN BET AL Compler Analysis.
EIE 1.2. —MedlEh (X,.7) REAGE BMRESTHEENTE A C X FESELEWH [
A—[-1,1], BEEGWMH [: X - [-1,1] Rt
1EBA.

o «— W A B & X PHATHE. A AUB & X £ X 2, B

-1, z€A
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1, r €D

& AUB LRESE. B, f R S f X - (-1, 1) W2 f=f £ AUB
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75 RS FR A AR
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N TIEW] R 25, BT

AR AW bR 5
(1) $-F)—ANE AR

(2) b4 S 4T H3E .

(3) B3 AR AR R .
B AT SEBAR V.

[ Step 1[[Hit— AT U]

HAREATH f: A — RRIEMRE f, Hb

WRIEARERATE |f(2) — f(z)] < = SHMEE 2 € A B, FHEEATF A Urysohn 5] H K FH—

NEEEE g: X — R i

[ )

Rg~ f.
AR YRR g BIfRE: KN

A = {x € Alf(z) > ;}ﬁuBl = {x € Alf(z) < —513}

s ‘ y 11,
e X ML, IMAFIEELR I g: X — [_§’ g} fii15
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g(x) = 3 1
—=, ITE Bl.

BHER g(z) HiHL
, Vre A.

wl N

|f(z) — Rg(x)| <

[Step 2]51Y
| Step 3 |l
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1.2 EHREREH
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DARMHET R [—1,1] BEE N R.
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27
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E X
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1.3 XRTEHRZEERHFW=50F1E
FRATIHN 28 6T A 3 8 R ) = s
Fig. BAKMEASEIEm AL HK
f:A=[0,1)", f:A=R", f:A-=0,1]°
2 X beykswm AR5, AP
f:X—=[0,1" f:X-=R" f:X-][0,1)°,

Hb SR -NMEENWELS. ATHIX—&, REZERE f 95N =E.
R, EAVT ALEE s LAJH KR EARFFA T, AT R ELE B LK, RAELE Lip-
schitz &3 F 5.



CHAPTER 9. TIETZE ¥ k2% 127

SEig. BRI X A ENG, BANTMEE X £ B3 % Haousdorff 9. TEHMER: RE B
% Hausdorff Z B e A EIE) PTARAMTRELESBAZIAE) |, BAIARE RAFG 5 H B,
BP Lecl2 W H& AL 1.13, AFEMNBEE RSN E 2B R! KMFZE LCH M AL Urysohn 5|32
Tietze 77 ik 2 32, & C N6 IEH G1EL ] «

EI 1.4 (Urysohn 51F LCH iiA). % X & LCH Z1A,K,F % X ¥8ARELS, ¥ K =%
8, F A6, RAGE—ANELELH f: X = [0,1] #F f(K)=1 8 f(F)=0.

EIE 1.5 (Tietze ¥ 3k EH LCH MA). % X & LCH =R, K %% IRLES f: K — R 8%
BRBAEBPIEILARLA R X ENEEZIK f: X >R,

Fig. A—F @, T MBI ER Y, RMNTRFFETESE/H f: A Y B AHELL
KXY,
o ATH I f:{0,1} =Y Ed5HE LR
fi0,1] =Y,
AL BEMER: f0) 5 f(1) BEY QR —ANEHREBY L.

e AT f:S' Y HELHEK DY, AP D AFEFTHELRAL ANEERE
FSY £ Y FRTALGS. HAH, ZA1F A 218 F) w4t

f:St=shra
Rt ELHH f:D - S

AV R RAZ G J5 F AT 50X BB F



CHAPTER 9. TIETZE ¥ k2% 128

2 Tietze ¥ 5K EEAIN B
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3 PSet08-2

(4)[Retraction]
Let X be a topological space, A C X be a subspace. We say A is a retract of X if there exists a

continuous map r : X — A such that
r(x) =z, VzeA
Such a map r is called a retraction. Prove:

(a) A is a retract of X if and only if for any topological space Y, any continuous map f: A — Y

has an continuous extention f X =Y.

(b) Suppose X is normal and A is closed. Prove: If Y is a retract of R’ (with product topology,
where J is any set), then any continuous map f : A — Y admits a continuous extension
f: XY,

(¢) Prove: Any closed subset B of the Cantor set C' is a retract of C.

(d) Prove: For any compact metric space (X, d), there exists a continuous surjective map f: C —

X, where C is the Cantor set.
JEH.
) o =4 f=for B
o < Ids MIEIRIERN X B A BB
(b) f: A=Y < R/, i Tietze LTI, FELR F: X - R, W ro F 2FTRME.
(c)
(d)
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